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Abstract. In light of recent progress in ghost-free theories of massive gravity and
multi-gravity, we reconsider the problem of constructing a ghost-free theory of an in-
teracting spin-2 field charged under a U(1) gauge symmetry. Our starting point is the
theory originally proposed by Federbush, which is essentially Fierz-Pauli generalized
to include a minimal coupling to a U(1) gauge field. We show the Federbush the-
ory with a dynamical U(1) field is in fact ghost-free and can be treated as a healthy
effective field theory to describe a massive charged spin-2 particle. It can even po-
tentially have healthy dynamics above its strong-coupling scale. We then construct
candidate gravitational extensions to the Federbush theory both by using Dimensional
Deconstruction, and by constructing a general non-linear completion. However, we find
that the U(1) symmetry forces us to modify the form of the Einstein-Hilbert kinetic
term. By performing a constraint analysis directly in the first-order form, we show
that these modified kinetic terms inevitably reintroduce the Boulware-Deser ghost. As
a by-product of our analysis, we present a new proof for ghost-freedom of bi-gravity in
2+1 dimensions (also known as Zwei-Dreibein gravity). We also give a complementary
algebraic argument that the Einstein-Hilbert kinetic term is incompatible with a U(1)
symmetry, for a finite number of gravitons.
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1 Introduction
It has been more than seventy years since Wigner demonstrated that all consistent,
relativistic, quantum particles can be classified by their mass m and their spin j [1,
2]. Experimentally, particle accelerators have established the existence of composite,
charged massive higher spin particles [3]. Nevertheless, the theoretical understanding
of higher spin fields is considerably less developed than their lower spin counterparts.
The most obvious bosonic higher spin theory to consider is spin-2. There are argu-
ments that the only consistent theory of a massless, self-interacting, Lorentz-invariant
spin-2 field is General Relativity [4–8]. In fact, recent work has established that these
assumptions may be weakened somewhat. Ghost-freedom alone is sufficient to derive
the Einstein-Hilbert action as the kinetic term for Lorentz-invariant massive fields [9]
or for massless gravity theories where time translation invariance is broken explicitly
[10, 11].
However the massive case is less well understood. In the 1930’s, Fierz and Pauli
wrote down the linearized, non-interacting theory of a single massive spin-2 field [12,
13]. There are several issues. The first is the vDVZ discontinuity of this model [14, 15].
The vDVZ discontinuity is a curious feature of the Fierz-Pauli action, which is that
in the limit m → 0, the Fierz-Pauli predictions do not become equivalent to that of
the linearized Einstein-Hilbert Lagrangian. Vainshtein was the first to see that this
discontinuity could be avoid by adding self-interactions for the massive spin-2 field, and
associating the regime of validity of the linear approximation [16]. However, Boulware
and Deser showed that generically a non-linear extension of the Fierz-Pauli action
would introduce a sixth ghost mode, the Boulware-Deser ghost [17].
Only recently has a theory of a Lorentz-invariant self-interacting, massive spin-2
field that propagates 2(2) + 1 = 5 healthy degrees of freedom (dofs) been found [18–
23]. This was generalized to an arbitrary number of interacting spin-2 fields in [24, 25].
Typically in these theories one has in mind that the graviton itself has a mass. The
theory has been applied in cosmology, where the mass of the graviton may be relevant
for explaining the observed acceleration of the universe if the mass corresponds to the
Hubble scale today, m ∼ H0, while remaining technically natural [26, 27]. For a recent
review of this types of theories, see [28].
However we do not necessarily need to identify a massive spin-2 field with gravity.
In this context it is interesting to think about possible additional interactions for a
massive spin-2 field. A natural extension is to allow for the massive spin-2 dof to be
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charged under a local U(1) symmetry. For example, we might try to minimally couple
the spin-2 field by taking the Fierz-Pauli action for a spin-2 field Hµν and promoting
Hµν to a complex field. We can then minimally couple Hµν to a U(1) gauge field Aµ
by replacing
∂µH±,νσ → DµH±,νσ = (∂µ ∓ iqAµ)H±νσ , (1.1)
where q is the charge of the spin-2 field. We might ask if there is a consistent effective
field theory description for these dofs, and whether there are consistent gravitational
interactions of the massive charged spin-2 field H±,µν .
In fact the minimally coupled theory of a charged spin-2 field at the linear level
was studied originally by Federbush [29]. There it was argued that there was a unique
minimally coupled theory at the linear level that propagated the correct number of
dofs in the background of a constant electromagnetic field.
However, Velo and Zwanziger showed that generically the minimal coupling pro-
cedure would typically lead to the presence of superluminal group and phase velocities
around certain backgrounds [30–32]. This result was also confirmed more recently in
[33, 34]. However in light of the fact that superluminal phase and group velocities
have been observed in nature, see for example [35], we should not be so quick to use
this result to imply a failure of causality. Acausality only occurs if the front velocity
is superluminal. At tree level this is equivalent to the velocity obtained through a
characteristic analysis, but at the quantum level the computation of this velocity is
strongly sensitive to the strong-coupling physics and the classical characteristic anal-
ysis cannot be trusted. A well known case of the quantum effects rendering the front
velocity luminal when the low energy phase/group velocity is superluminal are the
case of the propagation of light in gravitational fields [36–39]. It can be show that the
effective theory obtained from integrating out the electron gives rise to superluminal
phase velocities at low energies, whereas the complete one-loop photon propagator is
causal.
There are several models of interacting charged spin-2 fields which are known to
be consistent. Recently, there has been the development of Vasiliev’s higher spin theory
[40], but an older model is that of the spin-2 resonances coming from the Kaluza-Klein
tower [41]. There has also been a lot of work in constructing theories of spin-2 fields
arising from string theory, for example, [42–44]. The drawback in these approaches is
that they entail an infinite tower of charged, massive spin-2 fields or an infinite tower
of higher spin fields. While these are all excellent examples of UV complete theories
which contain charged spin-2 states, the infinite tower structure is not palatable if we
only wish to describe single meson resonances through an effective field theory.
Charged spin-2 fields were also studied by Porrati in [34, 45, 46]. In theories of a
single massive charged spin-2 field with charge q coupled to a U(1) gauge field there is a
model-independent strong-coupling scale1 Λq,3 = q
−1/3m. In other words, perturbative
unitarity always breaks down at the scale Λq,3 or lower.
1Following [47] we will carefully distinguish between the strong-coupling scale, the energy at which
perturbation theory breaks down, and the cutoff, which is the mass of the lightest dof we have not
included in our effective theory needed to restore unitarity. In other words we assume that some
self-unitarization mechanism kicks in between the strong-coupling scale and the cutoff.
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However the breakdown of perturbative unitarity at some scale may not require
the introduction of new physics at that scale, for explicit examples see [48]. Indeed, it
has been argued that the Vainshtein mechanism can act as a way of recovering unitarity
non-perturbatively [47]. Thus it is not necessarily appropriate to think of Λq,3 as the
cutoff (meaning a scale at which new physics enters), but rather as an energy scale at
which perturbation theory breaks down, i.e. the strong-coupling scale. The idea that
a theory can self-unitarize above its strong-coupling scale is also the essence of the
‘classicalization’ picture [49, 50].
In this work we shall extend the results in the literature by showing that the
Federbush theory is in fact completely ghost-free, even for a dynamical U(1) field.
Thus while the Federbush action describes a consistent effective field theory for the
spin-2, it may be possible to extend the regime of validity of the theory above the scale
Λq,3 provided one can make sense of the strong-coupling region.
A charged spin-2 field has several applications. It is known that Nature fur-
nishes several composite charged massive spin-2 fields, e.g. hadronic resonances such
as π2(1670), ρ3(1690), and α4(2040). Indeed, early attempts at bi-gravity and charged
massive spin-2 fields were aimed at building a consistent description of these mesons
[51], and the work in constructing linearized charged spin-2 fields also existed to help
describe mesons [29].
Additionally, a charged spin-2 field may be useful in condensed matter applica-
tions of the AdS/CFT correspondence, such as holographic superconductivity. For a
review of holographic superconductors, see for example [52]. In studying supercon-
ductors, a standard set-up is to consider a black hole with scalar hair. The (massive)
scalar field plays the role of spontaneously breaking a U(1) symmetry, giving rise to
superconductivity [53]. However, the scalar is only capable of describing S-wave super-
conductivity. In order to describe a D-wave superconductor, one needs black hole hair
with charged helicity-2 dofs. A massive graviton can also be useful to break translation
invariance in the bulk space, which can be useful for studying the DC conductivity.
See also [54–58] for work on applying massive gravity in a holographic context.
Especially in light of AdS/CFT applications, another question that we can ask
is whether a charged spin-2 field can be consistently coupled to gravity. Given recent
progress in massive gravity, one might hope that the key to describing gravitational
interactions of a single, self-interacting, massive, charged spin-2 field will lie in the
recently discovered non-linear ghost–free mass structure [20]. It therefore seems timely
to inspect if the recently discovered self-interacting massive spin-2 fields can help us
describe a unitary Lagrangian for any sufficiently long-lived meson.2
2We do comment, however, that these mesons are resonances so their Lagrangians need only be
effective field theories; thus unitarity may not be necessary as the finite lifetime of the resonance
shows up as an imaginary part in the effective action. Even still, in some limit one would na¨ıvely
expect that there ought to be a unitary theory of a single charged spin-2 field.
– 3 –
Massive gravity can be written as
S =
M2pl
2
∫
d4x
[√−gR− m2
2
U
]
, (1.2)
where the interaction potential U is built out of a dynamical metric (with associated
vielbein ea) and a fixed reference metric (with associated vielbein fa). The graviton
potential that is free of the Boulware–Deser ghost at the non-linear is given by the set
of interactions
U1 = εabcdea ∧ eb ∧ ec ∧ f d
U2 = εabcdea ∧ eb ∧ f c ∧ f d
U3 = εabcdea ∧ f b ∧ f c ∧ f d. (1.3)
This form of the mass term was recently shown in [59] to emerge from an extra dimen-
sional picture using Dimensional Deconstruction. Briefly, the Einstein-Hilbert term in
5 dimensions can be written in a particular gauge as
SG.R.,5d =
∫
εabcd
(
Rab ∧ ec ∧ ed + ∂yea ∧ ∂yeb ∧ ec ∧ ed
) ∧ dy, (1.4)
where y is a coordinate along the compact direction, and where we have temporarily
neglected the zero modes corresponding to the radion and gravi–photon. We then
discretize the compact direction, replacing the continuous coordinate y by a discrete
“site index.” In particular, by discretizing in the sense ∂ye
a
µ → m(ea2−ea1), we recover a
particular combination of the ghost-free interactions in Equation (1.3). By considering
a more general discretization procedure, we may generate all of the interactions. This
procedure was also generalized to multi–gravity in [60].
Deconstruction was also shown to be equivalent to truncating the Kaluza-Klein
tower, essentially by interpreting ∂y ∼ inm for integer n. This suggests a method for
generating a theory of a charged spin-2 field. In the Kaluza-Klein representation, the
vielbeins are complex, e˜an,µ. In this representation the continuum theory has a global
U(1) symmetry under which
e˜an,µ → e˜an,µeinθ. (1.5)
We may make this symmetry local by the minimal coupling replacement
de→ De = (d− iqA∧)e. (1.6)
In fact, the field A appears naturally in the Kaluza-Klein context as a zero mode. In
this context is sometimes known as the ‘gravi–photon.’
The U(1) symmetry is associated with the group of continuous translations in
the compact direction. This will be broken by a discrete subgroup upon discretizing.
In Fourier space, this manifests itself by the presence of operators that violate charge
conservation. However, there is a natural way to recover the U(1) symmetry by simply
projecting out those charge-violating operators. This will generate a candidate non-
linear theory for a charged spin-2 field.
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However, this projection modifies the kinetic structure. In light of recent results
[9], we might expect that this will inevitably introduce ghosts. In fact we will give sev-
eral arguments that the Boulware-Deser mode is present in any theory with a linearly
realized U(1). Indeed, the new kinetic interactions we will derive by this method are
closely related to the interactions considered in [9].
Summary: Our main results are
• The Federbush theory of a single massive spin-2 field interacting with a U(1)
gauge field, propagating on Minkowski space, is ghost-free. While it has been
known that Federbush theory was ghost-free around constant electric field back-
grounds (for example see [29, 43]), here we will present a proof that it is, in
fact, fully ghost-free even with a dynamical U(1) field. As a result, it is possible
for the Federbush theory to have strongly coupled dynamics at a scale q−1/3m
without violating unitarity.
• There is a unique set of gravitational interactions for the Federbush theory in
three dimensions that can be written with differential forms, and which reduces
to Federbush around Minkowski space.
• This unique non-linear extension to Federbush propagates a ghostly mode on a
curved background.
• As a by-product of our analysis, we develop some novel techniques to perform
a constraint analysis based on [61] in the Einstein-Cartan formalism to check
for the absence of ghosts. In Appendix B, we provide an alternative proof for
the ghost freedom of bigravity in three dimensions (also known as Zwei-Dreibein
gravity [62]) using our techniques.
• We finally give an algebraic argument preventing the Einstein-Hilbert term from
being compatible with a U(1) symmetry.
Outline: The rest of this work is organized as follows. In section 2 we shall review
what is known about the linear theory of a charged, massive spin-2 field, and show
that the Federbush action with a fully dynamical U(1) gauge field is actually ghost-
free. In section 3, we apply the method of Dimensional Deconstruction to generate a
theory of a charged spin-2 field. In section 4, we shall show that generically actions
that attempt to generalize Federbush to include gravitational coupling will introduce
ghosts, by performing a constraint analysis in the Stu¨ckelberg formalism. In section 5,
we analyze the group structure necessary for a non-linearly completed action, and
demonstrate several of the initial problems with the theory. Finally, the appendices
contain supplementary detail and alternative arguments.
2 Ghost-free charged spin-2 fields on Minkowski
Before attempting to construct an interacting theory of a massive charged spin-2 field,
we first consider the flat space limit as a starting point. Federbush wrote down a theory
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of a single, massive charged spin-2 field in [29] that was argued to propagate five dofs
in the background of a constant electromagnetic field. Charged spin-2 fields have also
been studied by Porrati in [34]. In this section we will review what is known about the
flat space case, following the discussion in [34]. We will also find that the Federbush
theory (also derived by Porrati) is completely ghost free. To our knowledge this
goes beyond what has been done in the literature, where the stability analysis has
been restricted to constant electromagnetic backgrounds.
We start with the Fierz-Pauli action for a complex spin-2 field Hµν
S =
∫
d4x
(
H∗µνEµνρσHρσ −m2 ([H∗H ]− [H∗][H ])
)
, (2.1)
where E is the Lichnerowicz operator, normalized so that
EµνρσHρσ = εµραβενσα′β ∂α∂α′Hρσ = Hµν + · · · (2.2)
Square brackets refer to taking the trace with respect to the flat space-time metric,
[H ] = ηµνHµν . Since Hµν is complex, this theory propagates 2× 5 = 10 real dofs.
This theory has a global U(1) symmetry under which H → Heiθ. We can make
this symmetry local by coupling Hµν to a U(1) gauge field Aµ, adding a kinetic term
for Aµ, and making the replacement
∂µ → Dµ = ∂µ − iqAµ, (2.3)
where q is the charge.
When applied to Fierz-Pauli, this procedure is ambiguous, because the covariant
derivatives do not commute. When acting on a field φ with charge q,
[Dµ, Dν ]φ = −iqFµν . (2.4)
Since there are different representations of the Lichnerowicz operator that differ by
integrating by parts and commuting partial derivatives, there are different “minimal”
covariantizations. The most general minimally coupled action is
S =
∫
d4x
(
εµνρσεµ
′ν′ρ′
σ H
∗
µµ′DνDν′Hρρ′ −m2 ([H∗H ]− [H∗][H ])−
1
4
F 2µν
+ iq(2g − 1)H∗µνF νρH µρ
)
. (2.5)
The ordering ambiguity is represented by the parameter g, which we may identify with
the gyromagnetic ratio [33]. Already we may comment that from the point of view of
an effective field theory, as long as this additional operator is not forbidden by some
symmetry we expect it to arise, at least from quantum corrections.
Following [34], we can study this theory using a Stu¨ckelberg analysis. We may
introduce complex Stu¨ckelberg fields
Hµν = hµν +D(µ
(
1
m
Bν) +
1
2m2
Dν)π
)
. (2.6)
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where (a, b) ≡ ab+ba, the action is invariant under charged linearized diffeomorphisms
(diffs).
We now study the interactions in this theory, which arise entirely through the
coupling between the U(1) gauge field and the spin-2 field. That is, there are no self
interactions of the spin-2 dofs. It will be useful to consider a decoupling limit
q → 0, m→ 0, Λq,n ≡ m
q1/n
fixed. (2.7)
The parameter n will be fixed by the interaction that arises at the lowest scale in this
limit. Interestingly for q = m/MPl, Λq,n = (m
n−1MPl)
1/n, which we may identify as
the usual scale Λn arising in the effective field theory approach to massive gravity [63].
We may de-mix the kinetic term for the helicity-0 mode by performing the field
redefinition
hµν → hµν + 1
2
πηµν . (2.8)
The kinetic terms for h,B, π, A take the form
Skin =
∫
d4x
(
h∗µνEµνρσhρσ −
1
4
|Gµν |2 − 3
4
|∂π|2 − 1
4
F 2µν
)
, (2.9)
where Gµν ≡ ∂µBν − ∂νBµ
From the scalings given in Equation (2.6), the kinetic terms for the Stu¨ckelberg
fields Bµ and π do not scale with q. Thus for a generic choice of g we can identify the
scale of the lowest order interactions as Λq,4 = q
−1/4m. Explicitly the interactions are
given by
LΛq,4 = (2g − 1)
i
Λ4q,4
∂µ∂νπ
∗F νρ∂ρ∂
µπ. (2.10)
These interactions are higher derivative and signal the presence of ghosts arising at the
scale Λq,4. Since this interacting is genuinely ghostly, we cannot imagine any strong-
coupling self-unitarization mechanism to resolve it. Thus we may definitively say that
the cutoff of this theory is at highest Λc ∼ Λq,4/(2g − 1)1/4.
2.1 Federbush is ghost-free
However, as shown in [34], we may remove all interactions arising at the scale Λq,4
by the special choice of gyromagnetic ratio g = 1/2 (this corresponds to the theory
originally proposed by Federbush [29]). In our conventions, it is clear that this choice
corresponds to minimal coupling prescription
Eµνµ′ν′ ≡ ǫµνρσǫµ′ν′ρ′σ∂ρ∂ρ
′ → ǫµνρσǫµ′ν′ρ′σDρDρ′ . (2.11)
To identify the leading order interactions, we do an expansion in powers of q, keeping
in mind that D ∼ ∂ − qA and that [D,D] ∼ qF . The leading order interactions come
from the Lichnerowicz operator, which after introducing the Stu¨ckelberg fields takes
the schematic form
εε
(
h∗ +
DB∗
m
+
DDπ∗
m2
)
DD
(
h +
DB
m
+
DDπ
m2
)
. (2.12)
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Let us first consider the interactions at order q. Because of the double epsilon structure
the only non-vanishing term at this order uses the commutator to make εεDDDB ∼
qεεF∂B. The interaction arises at the scale Λq,3. It is given explicitly by
LΛq,3 = −
i
Λ3q,3
ǫµνρσǫµ
′ν′ρ′
σ∂µ∂µ′π
∗FνρGν′ρ′ + c.c. . (2.13)
Because of the double epsilon structure, the equations of motion for LΛq,3 are
manifestly second order. As a result, the Federbush theory is ghost-free at the
scale Λq,3. This means that there is no obstacle to treating the Federbush theory as a
strongly coupled theory till energy scales Λc where we could potentially have Λc ≫ Λq,3,
so long as no new dofs enter below Λc.
In fact, the Federbush theory is ghost-free to all orders in q. This follows directly
from the double epsilon structure, which automatically removes any higher derivatives
in the equations of motion. The ghost-freedom has also been explicitly checked by
computing the equations of motion for the Stu¨ckleberg–ed action and showing that all
of the equations of motion are second order in time derivatives, using the techniques
described in [9].
2.2 Velo-Zwanziger problem in the Stu¨ckelberg language
Even though it is ghost-free, the Galileon-type structure of the interactions might
lead us to suspect that the Federbush theory admits superluminal propagation around
certain backgrounds. Indeed this is simply a manifestation of the well-known Velo–
Zwanziger problem, expressed in modern language.
Let us consider an external electromagnetic field, F¯µν . Then the quadratic action
for the perturbations is
S(2) =
∫
d4x
(
−1
4
|Gµν |2 − 3
4
|∂π|2 − i
Λ3q,3
(
ǫµναλǫρσβ λ∂νF¯ρσ
)
B∗µ∂α∂βπ + c.c.
)
. (2.14)
In this language it is clear that we can find backgrounds with superluminal group veloc-
ity. For example, perturbing around an electromagnetic background F¯µν , the operator
Λ−3q,e∂F¯B
∗∂2πΛ3q,3 will modify the kinetic structure and can lead to superluminalities.
This problem can occur even for arbitrarily small values of the electromagnetic field,
since a sound speed c2s = 1 + ǫ for small ǫ is still superluminal.
In the literature the Velo–Zwanziger problem has traditionally been studied for
backgrounds with a constant electromagnetic field. For such backgrounds, there is no
contribution to the kinetic term at the scale Λq,3, as is evident by the expression above.
Instead for background with constant electromagnetic fields, the leading correction to
the kinetic term is schematically of the form
Lint,Λq,2 ⊃
1
Λ2q,2
F¯G∗G+
1
Λ4q,2
F¯ 2∂π∗∂π. (2.15)
Thus in standard presentations of the Velo-Zwanziger problem considering constant
electromagnetic backgrounds, the superluminalities come from the operator that arises
at a higher scale Λq,2.
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We may tempted, as Velo and Zwanziger were, to attribute this apparent super-
luminality to a failure of causality. However the group and phase velocities can both
be superluminal at low energies without conflicting causality, since the speed of infor-
mation is set by the front velocity (see the review [28] for a discussion and references
on this point). The front velocity lies in the strong-coupling region for which this
tree-level analysis is not appropriate. More precisely the test of causality is whether
the commutator [π(x), π(y)] vanishes outside the light cone. This vanishing is tied to
the analyticity of its Fourier transform which is sensitive to the high energy behavior
of the correlation function. Group and phase velocities that exceed the speed of light
in vacuum have been observed in nature (see for example [35]). These measurements
also explicitly confirm that the front velocity is luminal, consistent with causality. In
addition it is known that the propagation of photons in a curved space-time can ex-
hibit superluminalities in its low energy effective theory which are absent in the UV
completion [36–39].
2.3 Ghost-free extensions to Federbush
We construct other charged spin-2 theories that are ghost free at the scale Λq,3 co-
variantizing the interactions proposed by Hinterbichler in [64]. For example, in 4 + 1
dimensions we could have the operator
L5dkin =
1
Λ3q,3
εABCDEεA
′B′C′D′E′H∗AA′ (DBDB′HCC′)H
∗
DD′HEE′, (2.16)
where the capital indices A,B = {0, 1, 2, 3, 4}. The overall scale chosen so that a
consistent decoupling limit exists at Λq,3. To identify the leading interaction, we may
use the same argument as above, since all we have done is replacing one η with an h.
L5dkin gives rise to an interaction at Λq,3
L5dkin,Λq,3 =
i
Λ6q,3
εABCDEεA
′B′C′D′E′∂A∂A′π
∗FB′C′GBCh
∗
DD′hEE′. (2.17)
As before, the double epsilon structure prevents higher order derivatives from appearing
in the equations of motion. This can clearly be extended to the full set of interactions
in any dimension, of the form εεH∗DDH(H∗H)nηd−6−2n proposed in [64]. Thus, these
represent consistent self-interactions of a spin-2 field on Minkowski space.
However, in four dimensions there are no such terms invariant under a U(1)
symmetry, so we will not consider this possibility further in this work.
2.4 First-order form
It is useful to recast the Federbush action in first order-form. By first-order form,
we mean that the action is written so that all fields appear with at most one deriva-
tive. This may be viewed as an intermediate-step in passing to the Hamiltonian. It
will be convenient for us to work with first-order form when attempting to construct
gravitational interactions.
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To go to first-order form, we introduce a new field θabµ (essentially the linearized
spin connection) which plays the role of the momentum conjugate to H . We treat θ
on equal footing as H . The first-order form for Fierz-Pauli is given by the action
S =
∫
εabcd
[(
dθab ∧H⋆c ∧ 1d + c.c.)+ 2θae ∧ θ⋆eb ∧ 1c ∧ 1d] , (2.18)
where the one form 1a has components 1aµ = δ
a
µ.
Upon integrating out the auxiliary field θ, we find
θabµ = −
1
2
∂[aHb]µ . (2.19)
In deriving this, we have used
Ha,µ = Hµ,a. (2.20)
This is the linearized version of the symmetric vielbein condition, which as is well-
known is needed to show the equivalence of the vielbein and metric formulations of
massive gravity.
Putting this back into the action (which is allowed since θ is not a dynamical
field), we recover the usual form of the Fierz-Pauli action.
We can obtain a first-order representation of the Federbush action by simply
following the minimal coupling procedure
dθ → Dθab = (d− iqA∧) θab. (2.21)
Explicitly, the first order form for the Federbush action is
S =
∫
εabcd
[(
Dθab ∧H⋆,c ∧ 1d + c.c.)+ 2θae ∧ θ⋆eb ∧ 1c ∧ 1d] . (2.22)
A short calculation shows that integrating out θ reproduces the Federbush action.
It makes sense that covariantizing the theory in the first order form preserves the
dofs. In first order form the dofs and Lagrange multipliers are manifest. We do not
change the constraint structure by adding a gauge potential in this form.
Note that the spin connection is modified at the linear level due to the presence
of the gauge field Aµ. This behavior will persist at the non-linear level. Thus at the
non-linear level it will be convenient to work in a first-order form.
2.5 Gravitational interactions?
At this stage, from the point of view of massive gravity, the natural step is to try
to construct a non-linear completion by adding self interactions for the graviton of
the form Hn, ∂2Hm. The reason is that in the case of massive gravity, one expects
to couple the massive spin-2 directly to the stress energy tensor Tµν of matter fields.
By the standard arguments (for example [7]), this will force the spin-2 field to have
non-linear interactions that realize a diffeomorphism symmetry.
However, as emphasized in the introduction, we do not have in mind that the
charged spin-2 field is carrying a gravitational force. In other words, we will not
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couple charged spin-2 field to matter directly. As a result, we do not necessarily need
to add non-linear self-interactions to the massive graviton, beyond those considered in
Section 2.3.
Nevertheless, it is interesting and important to understand the interactions of the
massive charged spin-2 field with the true carrier of the gravitational force. In other
words, we can view the charged spin-2 field itself as a matter field, and attempt to
couple it to an electrically neutral, massless graviton.
In order to see if such an effective theory exists, we can get inspiration from multi-
gravity and extra dimensional theories. A charged spin-2 field is built out of two real
spin-2 fields. When we include the coupling to gravity, we will get a theory of multiple
interacting spin-2 fields. In fact, in section 5 we will show that it is impossible to view
a charged spin-2 field as a gravitational theory with an Einstein-Hilbert kinetic term,
because the charged spin-2 cannot realize a gravitational-type symmetry.
It is worth spending a moment defining what we would want for our gravitationally
extended theory. We will require:
1. The gravitational extension should have a U(1) symmetry. We will only consider
non-linear extensions where this U(1) symmetry is linearly realized.
2. The theory should be fully ghost free at all orders.
3. We would like a theory with a single charged spin-2 dof, coupled to gravity. As
a result, the action should be built only out of a single complex spin-2 field Hµν ,
and a neutral metric gµν .
4. The non-linear theory should reduce to the Federbush theory in the appropri-
ate limit. Implicit in this requirement is that no dofs should become infinitely
strongly coupled in this limit.
Given these expected properties, we will attempt to construct a non-linear theory using
various techniques. Ultimately we will discover that the ghost is re-introduced at some
scale.
When considering non-linear completions, we will work in 2+1 dimensions. We
emphasize that a necessary condition for the theory to exist in higher di-
mensions is that it must work in 2+1 dimensions.
This can be seen from multiple perspectives. If a consistent theory exists in 3+1
dimensions, there must be a consistent theory in 2+1 dimensions, because it is always
possible to do a Kaluza-Klein compactification to reduce the 3+1 theory to the 2+1
theory. Furthermore, in d spatial dimensions it is always possible to consider physical
situations with translation invariance in d − 2 spatial directions, so that the system
effectively becomes 2+1 dimensional. As a more general statement, there is no physical
reason to expect that by adding more complication in extra spatial dimensions that
we can resolve a difficulty that is already present in 2 + 1 dimensions.3
3It is true that anomalies are strongly sensitive to the number of dimensions, however our main
concern is the existence of the bosonic tree level theory which is largely insensitive to dimensions.
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One possible objection to this reasoning is that in higher dimensions we can
add operators that would be topological in lower dimensions (such as the Lovelock
terms), so there is more freedom in higher dimensions. In fact, as we will see, the
main obstruction to constructing ghost-free theories of a charged spin-2 field is that
the Einstein-Hilbert term itself is incompatible with the U(1) symmetry. As a result
we are forced to modify the kinetic structure, and this forces us to re-introduce the
Boulware-Deser ghost. The higher order Lovelock terms will share this property. A
group theoretic version of this argument, which is independent of spatial dimension, is
given in section 5.
The main reason for working in 2+1 dimensions is that the theory in 2+1 di-
mensions is much easier to work with technically. More detail on the advantages and
formalism of 2+1 gravity (as well as conventions) are given in Appendix A. For other
work studying the constraint analysis of massive-gravity type theories in three dimen-
sions, see for example [65–67].
3 Charged Deconstruction
As described in the previous section, we will now be working in 2+1 dimensions for
the remainder of the paper. Thus starting from this section, we will use Greek indices
µ, ν, · · · to represent space-time indices in 2+1 dimensions. Capital Roman letters
M,N, · · · will be used for space-time indices in 3+1 dimensions. In this section, we
will also use a hat to distinguish between four dimensional exterior derivatives dˆ and
three dimensional exterior derivatives d.
We will apply the formalism of deconstruction to General Relativity in 3+1 dimen-
sions to generate a candidate theory for a charged spin-2 field in 2+1 dimensions. First
we will review the relevant Kaluza-Klein decomposition to clarify the gauge choices
which are important for discretization. Then by discretizing the action we will gen-
erate a candidate theory for a massive graviton charged under a U(1) group in 2+1
dimensions.
In fact, the na¨ıve discretization process will break the U(1) symmetry, because
the continuous translation symmetry is broken to a discrete subgroup. However, we
will find a natural way to restore the U(1) symmetry in the resulting candidate theory.
In the next sections, we will consider the consistency of this candidate non-linear
extension.
3.1 Kaluza-Klein with a vector zero mode
As discussed in [59], it is crucial to apply the deconstruction procedure using the
vielbein language.4 The vielbein EAM is related to the metric gMN by
gMN = E
A
ME
B
NδAB. (3.1)
For our purposes it will be useful to work with the Einstein-Cartan formalism, in which
the spin connection ΩABM is treated as an independent variable that is determined by
4We will also work in the Euclidean, so all signature factors are +1 and the heights of Lorentz
indices are not important.
– 12 –
its own equation of motion. This is analogous to the Palatini formalism in the metric
language.
In terms of E and Ω, the 4 dimensional action for pure gravity is
S4d[E,Ω] =
M2Pl
4
∫
εABCDR[Ω]
AB ∧ EC ∧ ED, (3.2)
where the Riemann curvature two-form is given by
R[Ω]AB = dˆΩAB + ΩAC ∧ ΩCB. (3.3)
S4d is invariant under diffeomorphisms, under which E and Ω both transform as one-
forms. It also enjoys a local Lorentz symmetry under which the fields transform as
EA → ΛAB(x)EB
ΩAB → ΛACΩCDΛDB − ΛAC dˆΛCB. (3.4)
By varying the action with respect to the spin connection one obtains the torsion-free
condition in 4 dimensions
δS4d
δΩABM
= 0 =⇒ dˆEA + ΩAB ∧ EB = 0, (3.5)
and by varying with respect to the vielbein one obtains the vacuum Einstein equations
δS4d
δEAM
= 0 =⇒ dˆΩAB + ΩAC ∧ ΩCB = RAB(Ω) = 0. (3.6)
We perform a 3+1 split along the y direction by parameterizing the vielbein as
EAMdx
M =
(
eaµdx
µ Nady
Aµdx
µ Ndy
)
, (3.7)
and the spin connections as
ΩABM dx
M =
(
ωabµ dx
µ βabdy
Kaµdx
µ λady
)
, (3.8)
where Kaµ ≡ Ωa4µ , λa ≡ Ωa4y . In terms of these variables the action may be written as
S4d =
M2Pl
4
∫
εabc
[ (
Rab −Ka ∧Kb) ∧ ec
+
(Dλa − ∂yKa − βafKf) ∧ eb ∧ ec
+
(Dβab − ∂yωab − λ[aKb]) ∧A ∧ ec] ∧ dy, (3.9)
where εabc ≡ εabc4 and where D = d + ω is the three-dimensional covariant exterior
derivative and where [a, b] = ab− ba.
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Our strategy will be to integrate out the components of the spin connection as-
sociated with the fourth direction, namely βab, Kaµ, λ
a. The resulting action will be
in a form appropriate for a three-dimensional observer, with a three dimensional spin
connection ωab and with fields transforming in the three-dimensional Poincare´ group.
First however we will fix some of the gauge freedom. This is an important step,
because as discussed in [59], different gauges in the continuum theory can produce
different theories upon discretization.
• We fix 3 of the 6 Lorentz symmetries by setting
Na = 0. (3.10)
We can do this by Lorentz transforming Na → ΛabN b + Λa5 and taking Λa5 =
−ΛabN b.
• We also partially fix four of diff gauge symmetries by setting
∂yAµ = 0, ∂yN = 0. (3.11)
We cannot use the gauge freedom to set Aµ = 0 and N = 1 completely, we may
only remove the y dependence. These fields represent the massless zero vector
and scalar modes.
• In fact we will neglect the scalar mode (the radion). We are using Kaluza-Klein
to motivate an action for a charged spin-2 field, and for these purposes the radion
is not relevant. Thus we will set N = 1 here.
With these gauge conditions in mind we can write down the torsion-free conditions
(3.5) where at least one of the local Lorentz or space-time indices lie along the extra
dimension
Kaµ = ∂ye
a
µ + β
abebµ + λ
aAµ
Fµν = 2K
a
[µe
a
ν]
λaeaµ = 0. (3.12)
These equations may be easily solved. The last equation sets λa = 0 since eaµ
is invertible. We may also take advantage of our remaining 3 local Lorentz gauge
freedoms to set
βab = −1
2
F ab ≡ −1
2
F µνeaµe
b
ν . (3.13)
As a result of this gauge condition we may solve for Kaµ
Kaµ = ∂ye
a
µ −
1
2
F abebµ. (3.14)
The other equation of motion becomes
ea[µ∂ye
a
ν] = 0. (3.15)
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This last condition is the symmetric vielbein condition, here we see that it follows as
an algebraic identity as a result of our gauge choice (3.13).
Finally plugging the solutions for the auxiliary fields β, λ,K into the action5 (3.9)
we find
S4d =
M2Pl
2
∫
εabc
(
Rab ∧ ec + ∂yea ∧ ∂yeb ∧ ec + 2∂yωab ∧A ∧ ec
) ∧ dy
+
M2Pl
2
∫
d3xdy |e|
(
−1
4
FµνF
µν
)
. (3.16)
In deriving this expression we have used the fact that
F afef ∧ ∂yeb ∧ ec ∝ Fµνeµa∂yeνa = 0, (3.17)
using the symmetric vielbein condition (3.15).
We also have set to zero an interaction
εabcF
abA ∧ Dec. (3.18)
We emphasize that we are not assuming the torsion-free condition De = 0. We have
not yet integrated out ω. Based on the discussion in Section 2, we expect that the
spin connection will be modified by the presence of the electromagnetic field. This
implies that we do not want to assume the torsion free condition. However, De ∼ A.
As a result, after integrating out the spin connection, the above interaction will be
proportional to A ∧ A = 0.
The presence of the Kaluza-Klein vector mode gives us a physically motivated
starting point for considering theories of massive charged spin-2 fields. We will apply
Dimensional Deconstruction to the four-dimensional action and generate a candidate
action for a massive charged spin-2 field.
3.2 Using deconstruction to generate a charged spin-2 theory
Now we imagine a discrete set of N special places along the fourth direction, with y
coordinate yI , I = 1, · · · , N . We will now discretize the fourth compact dimension,
keeping only the fields with located at y = yI . Following [59] we discretize the derivative
∂y in the sense
∂yφ(x
µ, yI)→ mαIJφJ(xµ) , (3.19)
where the αIJ are in principle arbitrary coefficients that form some representation
of a discretized derivative. Two natural choices considered in [59] are a “local” dis-
cretization αIJ = δI,J+1 − δI,J and a “truncated Kaluza-Klein” discretization αIJ =
[sin(2π(I − J)/N)]−1. We also replace the integral over y with a sum over sites
∫
dyf(y)→ 1
m
N∑
I=1
fI . (3.20)
5This is allowed since the equations of motion for these fields are algebraic.
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Applying this procedure to the action and canonically normalizing the photon kinetic
term yields
S3d =
M3
4
∫
εabc
N∑
I=1
(
R(ωI)
ab + q
∑
J
A ∧ αIJωabJ −m2
∑
J,K
αIJαIKe
a
J ∧ ebK
)
∧ ecI
−1
4
∫
d3x |e| FµνF µν , (3.21)
where M3 ≡ M2Pl/m. We consider the charge q to be an arbitrary parameter. The
value of q that arises from Deconstruction is
qDeconstruction =
m√
NM3
=
m2√
NM2Pl
. (3.22)
The determinant |e| and inverse vielbeins that appear in the photon kinetic term are
somewhat ambiguous. In light of recent work on matter couplings [68–70], the safest
choice would be to have |e| represent the determinant of a vielbein on just one site. In
fact, in this work we will be mostly concerned with the self-interactions of the spin-2
field, and the determinant factor will not matter for the rest of our analysis.
3.3 The Fourier transformed action
As discussed above, the discretized theory does not have a U(1) symmetry. To see this
it is easiest to set q = 0 and to ignore the vector zero mode. We will then show that
there is no global U(1) symmetry present in this limit.
We may work in a representation where the (lack of) U(1) symmetry is manifest
by using a discrete Fourier transform
Φ˜an =
1√
N
N∑
I=1
ΦaIe
2πiIn/N , (3.23)
where ΦaI = {eaI , ωabI }. Assuming N is odd for simplicity, the inverse Fourier transform
is then given by
ΦaI =
1√
N
(N−1)/2∑
n=−(N−1)/2
Φ˜ane
−2πiIn/N . (3.24)
Note that while the ΦI fields are real, the Fourier transformed fields Φ˜n are complex.
However since the Φ˜n fields obey the condition Φ˜
∗
n = Φ˜−n, there are the same number
of dofs in each representation (as there must be, since the discrete Fourier transform
is an invertible field redefinition that cannot change the physics).
Interestingly, the ω˜n are not connections for n 6= 0. Instead, the ω˜n transform as
tensors under diagonal local Lorentz transformations. To see this, note for example
that in the case N = 3 that
ω˜1 =
1√
3
(
1
2
(ω3 − ω1) + 1
2
(ω3 − ω2) + i
√
3
2
(ω1 − ω2)
)
. (3.25)
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Since the difference of two connections transforms as a tensor, ω˜1 transforms as a
tensor.
Treating the inverse discrete Fourier transform as a field redefinition, we may
rewrite the action in the form
S3d = M3
∫ ∑
I
[ 1
N
∑
n1,n2
(dω˜an1 ∧ e˜an2)e2πiI(n1+n2)/N
+
1
N3/2
∑
n1,n2,n3
(
−1
2
εabcω˜
a
n1
∧ ω˜bn2 ∧ e˜cn3
)
e2πiI(n1+n2+n3)/N
+
m2
N3/2
∑
n1,n2,n3
(
εabce˜
a
n1
∧ e˜bn2 ∧ e˜cn3
)(∑
J,K
βIJKe
2pii
N
(In1+Jn2+Kn3)
)]
. (3.26)
Here we have found it useful to define the coefficients βIJK , instead of writing αIJαIK .
3.4 U(1) symmetry in the N →∞ limit
First let us consider the action in the continuum limit N → ∞. In this limit the
action returns to the Kaluza-Klein form (3.16) with A = 0, and the discrete Fourier
transforms become infinite Fourier transforms on S1.
When Fourier transforming (3.16) we find
lim
N→∞
S3d = M
2
4
∫ L
0
dy
∫ [ 1
L
∑
n1,n2
(dω˜an1 ∧ e˜an2)e2πi(n1+n2)x/L
+
1
L3/2
∑
n1,n2,n3
(
−1
2
εabcω˜
a
n1
∧ ω˜bn2 ∧ e˜cn3
)
e2πi(n1+n2+n3)x/L
+
1
L3/2
∑
n1,n2,n3
(−n1n2)
(
εabce˜
a
n1 ∧ e˜bn2 ∧ e˜cn3
)
e2πi(n1+n2+n3)x/L
]
. (3.27)
Then using the orthonormality relation∫ L
0
dye2πiny/L = Lδn,0, (3.28)
we may perform the integrals over y yielding
lim
N→∞
S3d = M
2
4
∫ [ ∑
n1,n2
δn1+n2,0(dω˜
a
n1
∧ e˜an2)
+
1√
L
∑
n1,n2,n3
δn1+n2+n3,0
(
−1
2
εabcω˜
a
n1 ∧ ω˜bn2 ∧ e˜cn3
)
+
1√
L
∑
n1,n2,n3
δn1+n2+n3,0(−n1n2)
(
εabce˜
a
n1
∧ e˜bn2 ∧ e˜cn3
) ]
. (3.29)
In this form, it is clear that the theory has a global U(1) symmetry because each
interaction comes with a charge conserving delta function. This is nothing more than
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the usual statement that translation invariance in real space corresponds to momentum
conservation in momentum space.
For our purposes, the physical significance of this observation is that if the global
U(1) symmetry were present, by introducing a gauge field Aµ and making the U(1)
symmetry local we could discover a theory of massive spin-2 particles charged under
a U(1) gauge symmetry. In the continuum four-dimensional theory, this minimally
coupled field appears and is the massless KK vector mode. In the discretized theory,
at finite N it could in principle be any Abelian gauge field.
3.5 Lack of U(1) symmetry at finite N
However the action (3.26) does not have a global U(1) symmetry at finite N . The
reason is that the orthonormality relation (3.28) is no longer valid. Instead, for integer
k,
N∑
I=1
e2πiIn/N = Nδn,kN 6= δn,0. (3.30)
Applying this relationship, doing the sum over I we arrive at the action
S = M3
∫ [ ∑
n1,n2
δn1+n2,0(dω˜
a
n1 ∧ e˜an2)
+
1√
N
1∑
k=−1
∑
n1,n2,n3
δn1+n2+n3,kN
(
−1
2
εabcω˜
a
n1 ∧ ω˜bn2 ∧ e˜cn3
)
+
m2
N3/2
∑
n1,n2,n3
(
εabce˜
a
n1 ∧ e˜bn2 ∧ e˜cn3
)(∑
I,J,K
βIJKe
2pii
N
(In1+Jn2+Kn3)
)]
. (3.31)
When we truncate the sum at finite N , we must allow for operators that violate
charge by an integer multiple of the number of fields. Thus the process of discretiza-
tion breaks the U(1) symmetry present in the continuum theory, corresponding to
the statement that discretization has broken translation invariance in the compact
direction.
Note that this subtlety does not affect the quadratic terms, because n1+n2 = kN
implies k = 0 for |n| ≤ (N − 1)/2. However charge violation is allowed for the cubic
terms, because n1 + n2 + n3 = kN implies k = −1, 0, 1. Thus the obstruction to the
U(1) symmetry arises only at the nonlinear level, and is invisible in the linear theory.
Explicitly, for N = 3
S = M3
∫
εabc
(
R[ω˜0]
ab ∧ e˜c0
+
[
(dω˜ab1 + 2ω˜
ad
0 ∧ ω˜cb1 ) ∧ e˜∗,c1 + c.c.
]
+ ω˜ad1 ∧ ω˜∗,db1 ∧ e˜c0 +m2e˜a1 ∧ e˜∗,b1 ∧ e˜c0
+
[
ω˜ad1 ∧ ω˜db1 ∧ e˜c1 +m2e˜a1 ∧ e˜b1 ∧ e˜c1 + c.c.
] )
. (3.32)
This action violates global U(1) invariance because of the interactions on the last line.
The symmetry is broken both by the mass and kinetic terms.
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3.6 Restoring the U(1) Symmetry for N = 3
Nevertheless, we may restore the U(1). We simply introduce a projection operator
that subtracts off the charge violating terms, by keeping only terms with k = 0.
As we have seen, the quadratic terms are unaffected by this projection. The form
structure implies that only cubic interactions can arise in three dimensions. Thus
let us see what the impact of applying this projection operator is for a generic cubic
interaction. We will specialize to the case N = 3 for simplicity.
3.6.1 Mass term
The mass term is actually simpler to deal with. If we demand that the mass term has
U(1) invariance, we simply limit the permissible choices of βIJK . Since the resulting
mass term is still of the form of a ghost-free theory, there is no obstruction to choosing
a U(1) invariant mass term.
The U(1) invariant mass term has two parameters
Lm,U(1) = m2 (c1e˜0 ∧ e˜0 ∧ e˜0 + c2e˜1 ∧ e˜∗1 ∧ e˜0) . (3.33)
Written in site language this amounts to a two parameter family for the βIJK
coefficients
β111 = c1 + c2
β112 = 3c1
β123 = 6c1 − 3c2, (3.34)
with the rest of the β coefficients determined by the various symmetries. If we also
impose the tadpole cancellation condition we are lead to the choice c1 = 1/2, c2 = 3,
or
β111 =
36
5
, β112 = 3, β123 = −63
5
. (3.35)
3.6.2 Kinetic term
The kinetic term includes the cubic interaction
Scubic =
M3
31/2
∫ 1∑
k=−1
∑
n1,n2,n3
δn1+n2+n3,kN
(
−1
2
εabcω˜
a
n1
∧ ω˜bn2 ∧ e˜cn3
)
. (3.36)
If we focus on the terms with k = ±1 we find6
Sk=±1cubic = −
1
2
M3
31/2
∫
εabc
(
ω˜a1 ∧ ω˜b1 ∧ e˜c1 + ω˜a−1 ∧ ω˜b−1 ∧ e˜c−1
)
. (3.37)
6For general odd N we would need to write down one term for every triplet (n1, n2, n3) such that
|n1|, |n2|, |n3| ≤ (N − 1)/2 and n1 + n2 + n3 = ±N . The number of solutions to these constraints
increases with N , so N = 3 is the simplest case.
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Performing the inverse Fourier transform (3.24) yields
Sk=±1cubic = −M3
∫ ∑
IJK
γIJKεabcω
a
I ∧ ωbJ ∧ ecK , (3.38)
with
γIJK ≡ 1
32
cos
(
2π
3
(I + J +K)
)
. (3.39)
Thus in the site language, the U(1) invariant cubic interaction takes the form
Sk=0cubic = S3 − Sk=±13 = M3
∫ ∑
I
εabc
[
−1
2
ωaI ∧ ωbI ∧ ecI +
∑
J,K
γIJKω
a
I ∧ ωbJ ∧ ecK
]
. (3.40)
In other words, the cost of throwing out the terms that violate charge conservation
in Fourier space is that we generate nonlocal terms upon taking the inverse Fourier
transform. Thus we can write the full U(1) invariant kinetic term as
Sk=0kin = SGR + S
new
kin , (3.41)
where SGR is the sum of the usual Einstein Hilbert terms, and S
new
kin is given by
Snewkin = M3
∫ ∑
IJK
γIJKεabcω
a
I ∧ ωbJ ∧ ecK . (3.42)
In this language, it is clear that maintaining the U(1) symmetry has forced us
to modify the Einstein-Hilbert structure for the kinetic term. As we will see
in the next section, this is ultimately fatal.
In fact, the interactions we have generated are closely related to the interac-
tions found by applying Dimensional Deconstruction to the Gauss-Bonnet term in 5
dimensions, as considered in [9]. This can be made more explicit performing a field
redefinition
ω1 → ω1 + (ω2 − ω3) (3.43)
under which the Einstein-Hilbert term becomes
R[ω1]e1 → R[ω1]e1 +R[ω2]e1 +R[ω3]e1 − 2(ω1 − ω3)(ω2 − ω3)e1. (3.44)
The interactions R[ω1] ∧ e2 are of the same form as the interactions in [9]. However
these interactions are different because they are being considered in first-order form.
It is worth emphasizing that this illustrates again why the situation will not
get better in higher space-time dimensions. By going to higher dimensions, we can
potentially add more Lovelock terms. However the issue is that the Lovelock terms
themselves necessarily break the U(1) symmetry, and so must be modified. It is the
modification to the Lovelock term that is ultimately responsible for re-introducing the
Boulware Deser mode, as we will show in the next section. We have illustrated this
explicitly in 2 + 1 dimensions for the Einstein-Hilbert combination.
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3.7 Deconstruction-Motivated Charged Spin-2 Theory
We have now reached the main result for this section, a natural candidate theory with
a global U(1) symmetry is
S = Sk=0kin + S
k=0
mass
= M3
∫
εabc
(
R[ω˜0]
ab ∧ e˜c0
+
[
(dω˜ab1 + 2ω˜
ad
0 ∧ ω˜cb1 ) ∧ e˜∗,c1 + c.c.
]
+ ω˜ad1 ∧ ω˜∗,db1 ∧ e˜c0
+m2e˜a1 ∧ e˜∗,b1 ∧ e˜c0
)
. (3.45)
A few remarks are in order:
• The next step, in principle, is to minimally couple a U(1) gauge field through
a minimal coupling procedure, d → d − ieA. However, first we should check
whether the candidate theory with a global symmetry is ghost free.
• After introducing the gauge field through minimal coupling, the theory given in
equation (3.45) reduces to Federbush in the limit M3 →∞. This is most easily
seen by comparing the theory with the first-order form of Federbush given in
(2.22).
• Note that Snewkin has no dependence on the graviton mass m, the only scale present
is M3. This scale is completely fixed by the U(1) invariance since S
new
kin is not
U(1) invariant by itself, only the combination SGR + S
new
kin is U(1) invariant.
• Snewkin has diagonalized diff invariance, guaranteed by the form structure, as well
as diagonalized local Lorentz invariance, which can be seen by expanding out the
γIJK explicitly
Snewkin =
1
9
M3
∫
εabc
[
2(ωa1 − ωa2) ∧ (ωb1 − ωb3)− (ωa2 − ωa3) ∧ (ωb2 − ωb3)
]∧ec1+Z3 perms.
(3.46)
• We also see an advantage of working in the first order formalism. The equation
of motion for the spin connections has been modified in a nontrivial way, and it
is much easier to keep the spin connections as independent variables rather than
needing to integrate them out explicitly.
4 Degrees of freedom of generic non-linear completions
Rather than moving directly into establishing the number dofs of the action inspired
by Deconstruction, we will now re-consider the problem of constructing a non-linear
completion for Federbush from a more general perspective. The lesson from Decon-
struction is that there is no way to associate a linearly realized U(1) symmetry directly
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with the Einstein-Hilbert kinetic term. As a result, the first step is to try to find an
appropriate ghost-free U(1) invariant kinetic term for the spin-2 field.
As in the previous section, it is simpler to start by constructing a theory with
no interaction with the U(1) gauge field by taking the limit q → 0. In this limit, the
non-linear completion will have a global U(1) symmetry. If the non-linear completion
is ghost free for finite q, then the theory should also be ghost free in this limit.
We will write down the full set of terms in 2+1 dimensions consistent with the
desired symmetries (a linearly-realized U(1) symmetry). We will find a unique ansatz,
which remarkably is equivalent to the one discovered using Deconstruction.
We will in fact show that there is no ghost-free, non-linear completion in three
dimensions with a linearly realized global U(1) symmetry. As a result, the correspond-
ing theory with a local U(1) with q 6= 0 cannot exist. Thus there is no non-linear
ghost-free gravitational completion to Federbush.
4.1 U(1) invariant actions
More precisely, let us start trying to build the most general non-linear theory, following
the guidelines in section 2.5. The dofs should be limited to a single massive, charged
spin-2 field Ha
±,µ, and a dynamical vielbein e
a
µ that is neutral under the U(1) symmetry
representing a massless graviton.
We may always choose to work with a representation of the action where only first
derivatives appear. We will choose to work with this form, to simplify the appearance
of the non-linear interactions. In first order form, we also need to introduce auxiliary
fields Θ±,µν that carry information about the charged spin-2 fields.
The theory will be built out of the fields
• eaµ, ωab, a gravitational background which transform as U(1) scalars.
• Ha
±,µ,Θ
a
±,µ, which carry the charged spin-2 dofs. We take H− = H
∗
+. Under a
U(1) transformation with parameter α, the spin-2 field H± transforms as H± →
e±iqαH±, and similarly for Θ±.
In terms of the language of the previous section, we may think of Θa as being the
dual of the discrete Fourier transform of the spin connection, Θa+ = ε
abcω˜bc1 . However,
here we are simply thinking of Θa
±,µ as a field that will play the role of the momentum
conjugate to Ha
±,µ, without any a priori geometric interpretation (the fact that this
can be done in a Lorentz-invariant way is what makes three dimensions special). Both
H and Θ transform as Lorentz and diff tensors.
U(1) invariance is manifest in this representation. To ensure diagonal Lorentz
invariance, the spin connection ω should appear only through the curvature R[ω]ab or
the exterior covariant derivative D = d + ω.7
We will also limit our attention to actions that can be expressed in a wedge
structure, without using a Hodge dual. We expect theories that are not of this form to
7In principle since we are in three dimensions we could also add the gravitational Cherns-Simon
term dω ∧ ω + ω ∧ ω ∧ ω, but we will not consider that possibility here.
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have ghosts. As we will discuss in more detail below, in the Stu¨ckelberg language, in
order to avoid Boulware-Deser ghost modes it is crucial that some combination of the
Stu¨ckelberg fields are non-dynamical. However, for non-form like interactions this will
almost always make the situation worse. The reason is that if we have a non-wedge
interaction in unitary gauge
Ha+,µH
b
−,νX
µν
ab , (4.1)
where Xµνab is some function of the other fields. After introducing the Stu¨ckelberg fields
by H = H +Dφ, this will have the form
DµφaDνφbXµνab , (4.2)
which generically leads to kinetic terms for the Stu¨ckelberg fields
φ˙aφ˙bX00ab . (4.3)
By local Lorentz invariance, this gives ALL of the Stu¨ckelberg fields φa a kinetic term,
and so they are all dynamical. This is already too many dofs, without even considering
what happens to the Lorentz Stu¨ckelberg fields, which either are also part of the
momenta conjugate to φa or in principle could form their own dofs. The wedge structure
will guarantee invariance under diagonal diffeomorphisms.
With these restrictions, the most general action, up to total boundary terms, is
given by
S = M3
∫
εabcR[ω]
ab ∧ ec
+
[(
c1DΘa+ ∧Ha− + c.c.
)
+ c2Dea+ ∧ ea− + c3DΘa+ ∧Θa−
]
+εabc
(
c4Θ
a
+ ∧Θb− ∧ ec +
(
c5Θ
a
+ ∧Hb− ∧ ec + c.c.
))
+εabc
(
m2Ha+ ∧Hb− ∧ ec + Λ ea ∧ eb ∧ ec
)
. (4.4)
Note that there is only one U(1) invariant mass term when we separate out the cos-
mological constant, consistent with what was found above.
This action may be simplified with a field redefinition. We may factor the kinetic
terms
Lkin =
(
c1DΘa+ ∧Ha− + c.c.
)
+ c2Dea+ ∧ ea− + c3DΘa+ ∧Θa−
= c2D
(
Θa+ − C(+)Ha+
) ∧ (Θa
−
− C(−),∗Ha
−
)
+ c.c. , (4.5)
where
C(±) =
c1
c2
(
−1 ±
√
1− c2c3|c1|2
)
. (4.6)
By performing a linear field redefinition,
Θa+ − C(+)Ha+ → Θa+
Θa+ − C(−)Ha+ → Ea+, (4.7)
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while maintaining Θ− = Θ
∗
+ and H− = H
∗
+, we may set c2 = c3 = 0.
8 This amounts
to diagonalizing the kinetic term.
This linear field redefinition will of course renormalize the coefficients c4, c5, m
2,Λ,
however since we have kept these parameters general up until now we will simply absorb
the effects of the transformation into our definition of those parameters. After this field
redefinition, we may rescale the fields to absorb c1 and c4. Thus we are led to the action
S = M3
∫
εabcR[ω]
ab ∧ ec + (DΘa+ ∧Ha− + cc)
+εabc
(
Θa+ ∧Θb− ∧ ec +
(
c5Θ
a
+ ∧Hb− ∧ ec + c.c.
))
+εabc
(
m2Ha+ ∧Hb− ∧ ec + Λ ea ∧ eb ∧ ec
)
. (4.8)
This is the most general non-linear completion, given the assumptions outlined above.
4.1.1 Reproducing Federbush
In fact, we may immediately conclude that c5 = 0, just by the fact that having c5 6= 0
does not reproduce the Federbush action at the linear level. Perturbing around flat
space
eaµ = δ
a
µ +
1
2
√
M3
haµ ,
ωabµ =
1√
M3
θabµ ,
Ha
±,µ =
1
2
√
M3
ha
±,µ ,
Θa
±,µ =
1√
M3
θa
±,µ, (4.9)
and focusing only on the charged sector h±, θ±, the above action becomes
S =
∫ (
dθa+ ∧ ha− + c.c.
)
+ εabcθ
a
+ ∧ θb− ∧ 1c +
(
c5εabch
a
+ ∧ θb− ∧ 1c + c.c.
)
. (4.10)
Integrating out θ, we find that
θa+,µ = ǫ
abc∂bh
c
+,µ + c5h
a
+,µ. (4.11)
Plugging this back into the action, we find the second order action
S = SF.P. +
∫
d3xǫµνρ∂µh
a
+,νh
a
−,ρ, (4.12)
where SF.P. is the usual Fierz-Pauli action.
8The field redefinition is not invertible in the specific case when |c1|2 = c2c3. However in that case
the action is a perfect square and so after a field redefinition the action becomes DE+ ∧ E−, so that
Θ drops out of the kinetic term completely. We do not consider that case explicitly here since it does
not reproduce Federbush and does not have the form of a charged spin-2 field.
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Perhaps unsurprisingly, the non-Fierz-Pauli interaction has a ghost because the
shift h0i appears with a time derivative, and so becomes dynamical. This may be seen
in the Stu¨ckelberg language as well. Replacing h±,µν → h±,µν + ∂(µB±,ν) we find that∫
d3xǫµνρ∂µ∂
αB+,ν∂αB−,ρ, (4.13)
which has manifestly higher order equations of motion for Bµ. This leads to a ghost
in the free theory, so in the decoupling limit the ghost will be massless. This is
unacceptable, so we conclude that c5 = 0.
4.1.2 Unique non-linear ansatz
Thus we are lead to a unique ansatz for a the U(1) invariant kinetic term
S = M3
∫
εabcR[ω]
ab ∧ ec + (DΘa+ ∧Ha− + cc)
+εabc
(
Θa+ ∧Θb− ∧ ec +m2Ha+ ∧Hb− ∧ ec0 + Λea0 ∧ eb0 ∧ ec0
)
. (4.14)
Remarkably, this is the action that we arrived at from the modified Deconstruction
procedure in (3.45), if we identify Ha
±
with e˜a
±1 and Θ
a
±
with εabcω˜
bc
±1.
We now want to determine the number of dofs in Equation (4.14). This can be
done by an ADM analysis. However there is another way we can proceed, which we
now describe.
4.2 Phase space analysis of the non-linear theory
We will do the analysis in the Stu¨ckelberg language directly in first-order form. The
precise method we are using is new.
We will introduce Stu¨ckelberg fields for the diffeomorphism and Lorentz symme-
tries. The advantage of this method is that all additional constraints other than the
usual one which removes the BD ghost are first class. Then in principle one simply
needs to count the dofs in the na¨ıve phase space. This is sufficient to count the number
of dofs, and thus we will be able to diagnose the presence or absence of Boulware-Deser
modes.
In typical massive gravity and bi-gravity contexts, the analysis is done in second
order form. In order to determine whether all the Stu¨ckelberg fields are dynamical
(in which case the Boulware-Deser ghost is present), one needs to check if the Hessian
δ2S/δφ˙aδφ˙b is invertible (for example see [22]). However, this condition is extremely
hard to check in the fully non-linear theory.
Nevertheless, there is an equivalent condition that we can use to simplify the
analysis. If, and only if, the theory is free of the Boulware-Deser ghost, then the
Boulware-Deser ghost mode should be absent in the quadratic lagrangian, perturbing
around an arbitrary, off-shell background.
Thus we may diagnose the presence of a Boulware-Deser ghost by studying the
quadratic action around an arbitrary, off-shell background. We can perturb the action
in unitary gauge, and then introduce the Stu¨ckelberg fields directly at the level of the
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perturbations. This greatly simplifies the way the Stu¨ckelberg fields enter the action.
Furthermore, it is much easier to establish the dofs of a quadratic action, than an
arbitrary non-linear one.
The appendices contain some useful supplementary material. In Appendix B,
we apply this method to bi-gravity in three dimensions (also known as Zwei–Dreibein
gravity) and confirm that bi-gravity is ghost free. In Appendix C, we perform a more
brute force approach by perturbing to cubic order around Minkowski space.
4.2.1 Strategy
The starting point is to perturb the action around an arbitrary background
eaµ = e¯
a
µ + h
a
µ
ωabµ = ω¯
ab + θabµ
Ha
±,µ = H¯
a
±,µ + v
a
±,µ
Θa
±,µ = Θ¯
a
±,µ + µ
a
±,µ. (4.15)
As discussed above, we do not require the background to be on-shell.
We will then introduce the Stu¨ckelberg fields directly at the level of the pertur-
bations. Since we are dealing only with the quadratic action, we do not necessarily
need to pattern the Stu¨ckelberg fields off of the non-linear symmetry. It is enough
to introduce enough new gauge symmetries to make all constraints first class, with
corresponding phase space variables (i.e. we must introduce derivatives along with the
fields). Additionally, we would like to maintain the background gauge symmetries (the
diff and local Lorentz symmetries associated with the gravitational background e¯aµ) at
the level of the perturbations. We will choose the following convenient Stu¨ckelberg
decomposition
va
±
→ va
±
+ D¯φa
±
µa
±
→ µa
±
+ D¯λa
±
, (4.16)
where D¯φa = dφa + ω¯abφb is the background covariant derivative.
Because we maintain the background symmetries, the action remains in first-
order form after introducing the Stu¨ckelberg fields. Terms with two derivatives can be
rewritten as terms with one derivative on fluctuations after integration by parts. A
generic term with scalar fluctuations χa and ψb and a background field Φ¯aµ will have
the form ∫
εabc D¯χa ∧ D¯ψb ∧ Φ¯c =
∫
εabc
(−χaD¯2ψb ∧ Φ¯c + χaD¯ψb ∧ D¯Φ¯c)
=
∫
εabc
(−χaψdR¯bd ∧ Φ¯c + χaD¯ψb ∧ D¯Φ¯c) . (4.17)
The antisymmetry of the wedge structure allows us to use the identity D¯2ψ = R¯ψ.
Similarly, terms with three derivatives can be rewritten with one derivative using
integration by parts and the Bianchi identity for the background, D¯R¯ = 0. Addi-
tionally, it is clear that the zero components ha0, θ
ab
0 , v
a
±,0, µ
a
±,0 will appear as Lagrange
multipliers to this order because of the form structure.
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The next step is to establish the size of the phase space. Before performing this
step, we will first perform a counting argument to establish how Boulware-Deser ghost
manifests itself in this representation.
4.2.2 Degrees of freedom for healthy spin-2 fields in three-dimensions
After introducing the diff Stu¨ckelberg fields BµI and Lorentz Stu¨ckelberg fields λ
a
I , we
may identify the dynamical fields and their conjugate momenta as follows:
• (eai , ωabi ): 6 components× 2 = 12 fields.
• {Ha
±,i,Θ
a
±,i}: 6 components × 2× 2 = 24 fields.
• {φa
±
, λa
±
}: 3 components× 2 × 2 = 12 fields.
We also have several first class constraints, associated with the gauge symmetries:
• 3 diagonal diffeomorphism symmetries (with Lagrange multipliers ea0).
• 2× 3 Stu¨ckelberg diffeomorphism symmetries (with Lagrange multipliers Ha
±,0).
• 3 local Lorentz symmetries (with Lagrange multipliers ωab0 ).
• 2× 3 Stu¨ckelberg local Lorentz symmetries (with Lagrange multipliers Θa
±,0).
Thus, in general the dof counting is
(12 + 24 + 12) dynamical variables
−2× 18 first class constraints
= 2× (2 + 2) + 2× (1 + 1) dofs. (4.18)
A massless graviton has 0 propagating dofs in three dimensions, and a charged massive
graviton has 2× 2 = 4. So we expect to have 8 phase space dofs. These 8 phase space
dofs are represented by the first term above. The second term represents 2 extra phase
space dofs for each of the Stu¨ckelbergized sites. This corresponds to one extra scalar
dof for each of the massive modes, which is the usual Boulware-Deser ghost.
In order to avoid the existence of these Boulware-Deser ghost modes, we must
project out some of the phase space dofs. This must be done by writing an action
where four independent combinations of the Stu¨ckelberg fields are non-dynamical.9
9In principle one could imagine adding second class constraints by hand to remove the Boulware-
Deser ghost. However these constraints would need to be Lorentz invariant. We do not consider this
possibility likely.
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4.2.3 Constant gravitational background
Having set up this formalism it is not hard to see that there is a ghost. We simply need
to work on a fixed gravitational background, with h = θ = 0. In order to avoid a ghost,
it is necessary for the theory to be ghost-free with a fixed gravitational background.
We will also assume the background is torsion free, D¯e¯ = 0.
Perturbing our non-linear ansatz (4.14) around an arbitrary off-shell background,
and introducing the Stu¨ckelberg fields, we are led to
S =
∫
D¯µa+ ∧
[
va
−
− εabcλb−e¯c
]
+ D¯φa+ ∧
[
R¯abλb
−
+m2εabcv
b
−
e¯c
]
+ c.c.+N.D. (4.19)
where N.D. refers to terms with no derivatives acting on the fluctuations or Stu¨ckelberg
fields.
Focusing on time derivatives this becomes
S =
∫
d3x µ˙+,ai P
−,a
i + φ˙
+,aπ−,a + c.c. (4.20)
where
P−,ai = εijv
−,a
i − εabcλ−,be0,cj
π−,a = εabcεijλ−,bRcij +m
2εabcεijv
−,b
i e
0,c
j . (4.21)
Note that in first-order form the Lorentz Stu¨ckelberg fields λa play the role of mo-
menta conjugate to the diff Stu¨ckelberg fields φa. This is explored in more detail in
Appendix C.
The key issue is whether or not all of the Stu¨ckelberg fields have independent
conjugate momenta. We can make this more explicit by rewriting π−,a in terms of
P−,a
π−,a = εabcεij
[(
R¯bij +m
2εbpqe¯pi e¯
q
j
)
λ−,c +m2P−,bi e¯
c
j
]
. (4.22)
The worrying term is the first term, proportional to λ−,c. The reason is that P−,ai is
already a momentum conjugate to e+,ai , so if one linear combination of the π
−,a depends
only ∼ P− then there is no independent momentum for the corresponding linear
combination of the φ−,a. A different version of this argument is given in Appendix 3.2.
For Minkowski space, with R¯ = 0 and e¯ai = δ
a
i , we find that the Stu¨ckelberg field
φ+,0 does not have an independent conjugate momentum, because π−,0 = m2P−,ii . This
is simply a confirmation in three dimensions of the fact that the first order form of
Fierz-Pauli is ghost-free.
However for a generic background, all three components of π will be independent
of P through the dependence on λ. Thus around curved backgrounds, the Boulware-
Deser mode will appear in the phase space.
To summarize, we have shown that the unique form-like extension of the Feder-
bush theory contains a Boulware-Deser mode in the q → 0 limit. The argument in
this section covers both of the possible kinds of non-linear completion discussed in
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section 2.5. Since the Federbush theory propagates ten dofs, the kinetic term of the
ghost vanishes around Minkowski, so the new dof if taken seriously would be infinitely
strongly coupled around Minkowski space. However, from an effective field theory
point of view, the new dof can be taken as an indication of a higher derivative terms
in the Lagrangian which indicates unitarity violation at some scale. As usual in an
EFT as long as we consider physics below that scale then the ghostly mode can be
harmless. The crucial point is that the scale of the ghost is hierarchically above the
strong-coupling scale of the Federbush theory.
5 Group-theoretic obstructions to non-linear charged spin-2
fields
Having demonstrated the general problems associated to our attempt to enforce U(1)
symmetry on spin-2 fields, we now present an alternative argument. While before we
focused on specific lagrangians, and found it easier to work in 2 + 1 space-time di-
mensions, in this section we will give a group theoretic argument that works in any
space-time dimension. Thus in this section we will work in d + 1 space-time dimen-
sions, and show that there is a group theoretic explanation for why it is impossible to
construct a U(1) invariant theory while preserving ISO(1, d) symmetry associated to
the spin-2 field in d+ 1 space-time dimensions.
5.1 Obstructions to finding [ISO(1, d)× ISO(1, d)]⋊ U(1)
If we suppose that the kinetic terms must be given by an Einstein-Hilbert kinetic term,
then this entails two distinct copies of the ISO(1, d) algebra, one for each copy of the
Einstein-Cartan action. Then the two vielbein together form massive representations
of the Poincare´ group after the ghost-free mass terms are added. The mass terms
breaks one copy of the local ISO(1, d) symmetries. This copy can be restored via a
set of Stu¨ckelberg fields, this makes the symmetry ISO(1, d)× ISO(1, d) non-linearly
realized, but still present. The U(1) ∼= SO(2), contrariwise, must mix with these two
Poincare´ algebras. This is because at the level of field representations (using, for the
moment, the real representation of the 2 of SO(2)), we see that
δU(1)(θ)E
a = θεijE
a
j =⇒ [Q,P ai ] = εijP aj . (5.1)
This is because when one says that a spin-j particle is “charged”, one means that the
particle is both complex (in other words, the 2 of U(1)) and a spin-j representation of
the Poincare´ group. This tells us, then, that the group, G, that we are looking for is
of the form
G = U(1)⋊ [ISO(1, d)× ISO(1, d)] . (5.2)
It is natural then to ask if one can consistently construct this group. We shall assign
Q as the generator of U(1) and P ai ,M
ab
i as the generators of ISO(1, d)× ISO(1, d). If
we attempt to construct the given algebra, we find that the following follows without
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issue
[P ai , P
b
j ] = 0
[Q, P ai ] = εijP
a
j (5.3)
[Q, Mabi ] = εijM
ab
j . (5.4)
Unfortunately, a problem arises for the following commutation relations
[P ai , M
bc
j ] = ? (5.5)
[Mabi , M
cd
j ] = ? (5.6)
The issue here is that the two algebras should separately generate two copies of
ISO(1, d). However, the SO(2) index is clearly obstructing this, since the exact object
we would need in order to accomplish this would a structure constant, f ijk, in order to
work correctly (i.e. convert two indices into one free index). Unfortunately, it is well
known that U(1) is abelian, and thus f ijk ≡ 0, and thus we see that because the U(1)
is abelian, this requires that the generator Mabi commute with all other generators. In
other words, the non-Abelian properties of generators are incompatible with the 2 of
U(1) structure.
This can be seen even at the level of Yang-Mills, for reference, where the non-
Abelian internal group G cannot be semi-direct producted into the internal group (i.e.
there cannot be a self-charged photon under an abelian symmetry); a consistent theory
can only be made with a direct product.10
5.2 Checking the Jacobi identity
One may also see this by analyzing the Jacobi identity. Here we write the most natural
commutation relations to force the P into a 2 of U(1). The established commutation
relations for the generators {Q,Mab1 ,Mab2 , P c1 , P c2} is the following:
[Q,Q] = 0
[P a1 , P
b
1 ] = [P
a
1 , P
b
2 ] = 0 (Same for 1 ↔ 2)
[Mab1 , P
c
2 ] = [M
ab
1 , M
cd
2 ] = 0 (Same for 1 ↔ 2)
[Mab1 , P
c
1 ] = η
bcP a1 − ηacP b1 (Same for 2)
[Mab1 , M
cd
1 ] = η
acM bd1 + η
bdMac1 − ηadM bc1 − ηbcMad1 . (Same for 2) (5.7)
However, the following Jacobi identity can be seen to fail:[
Q, [M1,M2]
]
+
[
M1, [M2, Q]
]
+
[
M2, [Q,M1]
]
=
[
Q, 0
]
+
[
M1,M1
]
+
[
M2,M2
]
= ηac
(
M bd1 +M
bd
2
)
+ ηbd (Mac1 +M
ac
1 )− ηad
(
M bc1 −M bc2
)− ηbc (Mad1 +Mad2 )
6= 0, (5.8)
and thus these generators fail to form a Lie algebra, which means that exponentiating
them will fail to lead to a closed Lie group.
10 In the Standard Model, there is a U(1)Y for the hypercharge structure, but this generator does
not mix the non-Abelian SU(2)L × SU(3)C , keeping it self-consistent.
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5.3 Kac-Moody algebra admits no finite truncations
Finally, a different approach can be found by studying Kac-Moody algebras, see
Ref. [71]. If one takes the usual prescription for Kaluza-Klein compactification (here
done in a different gauge, but a separate gauge-fixing will result in the same story),
where the gauge fields are parameterized as follows
gMN = φ
−1/3
(
gµν +M
−2
Pl φAµAν M
−1
Pl φAµ
M−1Pl φAν φ
)
. (5.9)
Then after performing the Fourier expansion over the compact extra dimension, y ∈
[0, 2π[, we find the infinite tower of modes
gµν(x, y) =
∞∑
n=−∞
gn µν(x)e
iny ,
Aµ(x, y) =
∞∑
n=−∞
An µ(x)e
iny ,
φ(x, y) =
∞∑
n=−∞
φn(x)e
iny. (5.10)
To see where the Kac-Moody algebra derives from (and thus that the 4-D field content
forms a representation of a Kac-Moody algebra), we may take the D = 5 Poincare´
algebra made of generators PˆM and MˆMN
[PˆM , PˆN ] = 0
[MˆMN , PˆR] = ηNRPˆM − ηMRPˆN
[MˆMN , MˆRS ] = ηMRMˆNS + ηNSMˆMR − ηMSMˆNR − ηNRMˆMS . (5.11)
Performing a (4 + 1)-split on these generators, where µ = 1, 2, and 3 and x5 ≡ y, we
have the following form11
Pˆ µ(x, y)→ Pn µ = einy∂µ , (5.12)
Pˆ 5(x, y)→Mn µν = ieiny∂y , (5.13)
Mˆµν(x, y)→ Qn = einy
(
xν∂µ − xµ∂ν). (5.14)
Next we impose the conditions (5.10) on this splitting, which yields the following Kac-
Moody algebra
[Pn
µ, Pm
ν ] = 0 ,
[Qn, Pm
µ] = −mPm+n µ ,
[Qn, Qm] = (n−m)Qm+n ,
[Mn
µν , Pm
ρ] = ηνρPn+m
µ − ηµρPn+m ν ,
[Mn
µν , Qm] = −mMm+n µν ,
[Mµν , Mρσ] = ηµρMm+n
νσ + ηνσMm+n
µρ − ηµσMm+n νρ − ηνρMm+n µσ , (5.15)
11We have explicitly broken Mˆ5µ by our choice of global topology, R1,3 × S1.
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of which there are several important things to note. Firstly, this is an infinite-dimensional
Lie algebra, since the index n on the generators runs over all integers. The second thing
to note is that there cannot be a finite truncation of the generators containing multi-
ple copies of the Poincare´ generators.The algebra only consistently closes, for instance,
when the Lorentz generators form their Virosoro-like algebra.
This is group-theoretic explanation for why one can have linearly realized charged
spin-2 fields if there is an infinite tower, but finite truncations are inconsistent. In
other words, this is why Dimensional Deconstruction recovers a copy of U(1) as N →
∞. We see here that we cannot simultaneously diagonalize the charge basis and the
Lorentz boost or momentum basis (since they do not commute), and thus charge always
entangles itself into these operators. The only exception, of course, is if we take a finite
truncation of a single graviton, but this prohibits us from having 1 < N <∞ number
of gravitons. This means that we can see the failure to generate consistent charge
spin-2 theories from dimensional deconstruction’s relationship with the Kaluza-Klein
procedure.
Ostensibly, one might expect that there could be an alternative infinite-dimensional
algebra that one might generate by sending N → ∞ in Dimensional Deconstruction
(with a different topology, for instance), which might have a consistent finite trunca-
tion. However, this is why the non-existence of the group [ISO(1, d) × ISO(1, d)]⋊
U(1) will prevent this from happening. The most one can hope for is [ISO(1, d) ×
ISO(1, d)]× U(1). These group theoretic arguments appear to be consistent with our
explicit findings.
6 Discussion
We have explored whether the ghost-free properties of massive gravity might allow
for the existence of a single charged spin-2 field. We have defined a set of natural
requirements for a charged spin-2 field:
1.) A ghost-free theory of a single massive complex spin-2 field with a linearly realized
U(1) symmetry.
2.) This theory simultaneously exhibits a non-linearly realized double copy of ISO(1, d)
symmetry through its Stu¨ckelberg fields. (Or triple copy if a massless spin-2 field
is added).
Using a modified variant of Dimensional Deconstruction that unfreezes the vector
zero-mode of the graviton (i.e. the gravi–photon), we obtained an interesting model
that had many novel and non-trivial features such as spin-1 and spin-2 coupling, but
ultimately broke the U(1) symmetry. We see that through a straightforward process,
the U(1) symmetry may be restored to a unique theory. This unique candidate theory
has manifest U(1) invariance, and can be derived from only assuming U(1) invariance
and a general form structure. Unfortunately, the U(1) structure explicitly breaks the
finely-tuned structure of the kinetic term for General Relativity, and the de-tuning was
demonstrated to give rise to a spurious BD ghost dof which is infinitely strongly coupled
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around flat-space. This more or less prohibits such a theory arising in higher dimen-
sions, since they would presumably have to give rise to a healthy three-dimensional
theory via dimensional reduction. From an EFT point of view the existence of the
BD ghost may just be taken as an indication of higher derivative operators in the
EFT. These operators will be suppressed by a scale which tends to infinity in the limit
MPl →∞ in which we recover the Federbush theory.
Alternatively, one can view this question from the standpoint of group theory,
as was done previously [71]. Without assuming any higher dimensional structure, we
explicitly demonstrate that there cannot exist a group mixing the vielbein (and thus
the copies of ISO(1, d)), because doing so requires a violation of the Jacobi identity and
the group cannot close. In essence, this is the obstruction to the theory that was almost
generated by Dimensional Deconstruction, where the U(1) leaves the action invariant
and the algebra closes only when the number of gravitons is taken to infinity, at least
one such example of a resulting consistent is that of Kac-Moody. It is previously well-
known that Kac-Moody has no finite subgroup containing two or more copies of the
Poincare´ group. In principle, one might imagine that the infinite collection of gravitons
might give rise to other infinite-dimensional Lie algebras that could, and therefore it
is useful to see explicitly that the guilty assumption lies in U(1) rotating the Poincare´
copies into one another, and thus this gives a rather general argument against such a
structure.
However, if one weakens this requirement, as is done in the unique candidate
theory, and instead relies on not making the ISO(1, 2) symmetry manifest, one enforces
the U(1) symmetry from the outset, it breaks the semi-direct product into a direct
product. Again, the resulting theory appears to be unique, assuming that it can be
cast into differential form, but it gives rise to an unphysical dof.
Nevertheless we attempted to construct an appropriate U(1) invariant kinetic term
that was not of the Einstein-Hilbert form. We showed that the new kinetic term that
we created propagated a Boulware-Deser ghost by performing a Stu¨ckelberg analysis
directly in first-order form. The methods described in this paper can be extended
easily in three dimensions to discuss the first-order form of the kinetic interactions
described in [9]. It would also be interesting to extend this method to four dimensions,
however this is complicated by the well-known fact that in dimensions greater than 3
the spin connection ωab has more components than the vielbein ea, thus the Lorentz
invariant first-order form contains redundant variables that must be eliminated before
the constraint analysis can be performed.
This concretely demonstrates that the existence of ghost–free mass terms are not
the obstruction to a charged spin-2 field, but instead the Einstein-Hilbert terms are
incompatible with the requisite U(1) structure needed to support a charged spin-2
theory. Thus, having a ghost-free theory of a massive, self-interacting spin-2 field does
not help one write down a theory of a ghost-free theory of a self-interacting, charged
spin-2 field.
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Appendices
A Three-dimensional Einstein-Cartan formalism
The vielbein formalism has already been shown to greatly simplify the form of the
interactions of ghost–free massive gravity and multi-gravity theories [25, 72, 73]. Since
we will be interested in modified kinetic terms in this work, we will be including the
spin connection in our ADM analysis. This can be done using the Einstein-Cartan
(EC) formalism, where the spin connection ωab is treated as an independent field.
The EC formalism is particularly simple in three dimensions, which is why we
focus on three dimensions.
1.) In a D-dimensional spacetime, the Hamiltonian analysis of the EC action is, in
general, very complicated. This is because the kinetic terms in the Hamiltonian
go as e˙aiω
bc
j ε
ijεabc; therefore the spin connection ω
ab is the momenta conjugate to
ea. However, the number of spin connections ωabi , which is D(D − 1)/2 × (D −
1), is in general much larger than the number of genuine conjugate momenta
to eai , which is D × (D − 1). To reconcile this, one will find that there are
many secondary, second-class constraints that project out the excess of conjugate
momenta and return the theory to the healthy number of phase space dofs.
Such an analysis is quite copious even for ordinary gravity [74]. Contrarily, it is
uniquely true in D = 3 that the conditions become just right and the number of
spin connections exactly equals the number of conjugate momenta. This makes
the analysis of potentially ghostly interactions for gravity theories ideal in D = 3.
The na¨ıve expectation is that if the theories fail in D = 3, a compactification
argument tells us that they are unlikely to work in any higher dimensions (see
the discussion in Sec. 2.5).
2.) In three dimensions, we are greatly aided by the Poincare´ duality, which relates 1-
forms, i.e. vectors, with 2-forms by the Hodge star, i.e. ⋆(Bρσ) = εµ
ρσBρσ. Using
these tricks, we can define a dual spin connection ωa ≡ εabcωbc which naturally
comprises the conjugate momenta to ea, rather than its more complicated form
ωab.
This will cause the Hamiltonian analysis to simplify much more than in four or higher
dimensions, however we emphasize that the main results of this paper are fully gener-
alizable to arbitrary dimensions.
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1.1 The EC Action in D = 3
To make this more concrete, let us start with the D = 3 EC action12 in differential
form notation:
S = M3
∫
εabcR
ab ∧ ec (A.1)
= M3
∫
εabc(dω
ab + ωad ∧ ωdb) ∧ ec . (A.2)
Next we define the dual of ωab as ωa ≡ εabcωbc. The inverse is given by ωab = 1
2
εabcωc
Then, distributing the overall εabc into the two terms and applying the definition of
ωa, one derives
S =M3
∫ (
dωa − 1
4
εabcωa ∧ ωb
)
∧ ec , (A.3)
This leads us to define the dual Riemann tensor
R[ω]a = dωa − 1
4
εabcωb ∧ ωc . (A.4)
Similarly, we can express the covariant derivative of a Lorentz vector λa in terms of
the dual spin connection as
Dλa ≡ dλa + ωabλb , (A.5)
= dλa − 1
2
εabcωbλc. (A.6)
Then the EC action is
S = M3
∫
R[ω]a ∧ ea. (A.7)
Varying this with respect to ea yields the Einstein equation
Ra = 0. (A.8)
Meanwhile varying this with respect to ω gives the torsion free condition
Dea = 0. (A.9)
1.2 Hamiltonian of EC Gravity in D = 3
We will now convert the EC action in the previous section into its Hamiltonian form.
After integrating the exterior derivative by parts
S = M3
∫ (
ωa ∧ dea − 1
4
εabcωa ∧ ωb ∧ ec
)
. (A.10)
12In what follows we will Wick rotate to Euclidean space, so the position of the indices does matter.
Note that this is only true because we are working with the vielbein indices; if we were working
with the spacetime indices, the difference is important. One may trivially Wick rotate back to the
Lorentzian by forcing upstairs indices to only contract with downstairs and interpreting it as the
standard Minkowski inner product between them.
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In index notation this is given by
S =M3
∫
d3x εµνρ
(
ωaµ∂νe
a
ρ −
1
4
εabcω
a
µω
b
νe
c
ρ
)
. (A.11)
We then perform the (2 + 1)-split onto the action, yielding
S = M3
∫
d2x dt εij
[
ωai e˙
a
j + e
a
0
(
∂iω
a
j −
1
4
εabcωbiω
c
j
)
+ ωa0
(
∂ie
a
j −
1
2
εabcωbie
c
j
)]
. (A.12)
Here we see that ea0 and ω
a
0 enter into the theory as Lagrange multipliers, and given
the definition of conjugate momenta
Πia =
∂L
∂e˙ai
= εijωaj , (A.13)
we see that the ωa are the momenta conjugate to ea as promised. The inverse Legendre
transformation then easily shows us that the Hamiltonian is given by
H [e, ω] =M3ε
ij
[
ea0
(
∂iω
a
j −
1
4
εabcωbiω
c
j
)
+ ωa0
(
∂ie
a
j −
1
2
εabcωbi e
c
j
)]
, (A.14)
which is pure constraint. This is expected because all diffeomorphism invariant theories
give rise to Hamiltonians that are pure constraint.
B Application of first-order constraint analysis to bi-gravity
As a check on the method described in section 4, we will here show that the method
can be used to show the absence of the Boulware-Deser mode in bi-gravity in three
dimensions. Start with bi-gravity with no cosmological constants
S = M3
∫
εabc
(
R[ω1]
ab ∧ e1 +R[ω2]ab ∧ e2 +m2
(
c1e
a
1 ∧ eb1 ∧ ec2 + c2ea1 ∧ eb2 ∧ ec2
))
.
(B.1)
As in other sections, it is useful to work with the dual of the spin connection
by defining ωa = εabcωbc. Then we perturb to quadratic order around an arbitrary
background
eaI,µ = e¯
a
I,µ + v
a
I,µ
ωabI,µ = ω¯
ab
I,µ + µ
ab
I,µ. (B.2)
Next we introduce the Stu¨ckelberg fields at the level of the perturbations. We introduce
the Stu¨ckelberg fields through site 2 for convenience
va2 → va2 + D¯φa
µab2 → µab2 + D¯λab, (B.3)
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where D¯ = d + ω¯1 is the background covariant derivative. Since we have introduced
the Stu¨ckelberg fields that act as maps from site 2 to site 1, in this representation we
may identify the diagonal local Lorentz transformations with site 1, and thus the spin
connection appearing in D¯ is the spin connection for site 1.
The quadratic action takes the form (assuming the torsion vanishes, D¯e = 0)
S(2) =
∫
εabc
(D¯µab1 ∧ vc1 + D¯µab2 ∧ vc2 + D¯λab ∧ R¯cdφd + 2D¯λad ∧ µdb2 ∧ e¯c2)
+m2εabc
[
c1D¯φa ∧ vb1 ∧ e¯c1 + c2
(
2D¯φa ∧ vb2 ∧ e¯c1 + 2D¯φa ∧ vb1 ∧ e¯c2
)]
+ SN.D.
where SN.D. refers to terms with no derivatives on fluctuations.
We now define the duals µa ≡ εabcµbc and λa ≡ εabcλc. Focusing on the time
derivatives yields
S(2) =
∫
d3x εij
(
µ˙a1,iv
a
1,j + µ˙
a
1,iv
a
1,j + 2εabce¯
a
2,jλ˙
bµc2,i + R¯
ab
2,ijλ˙
aφb
)
+m2εabcε
ij
[
φ˙avb1,i
(
c1e¯
c
1,j + 2c2e¯
c
2,j
)
+ 2c2φ˙
avb2,ie¯
c
1,j
]
+ SN.D.
=
∫
d3x
1
2
ξAΩAB ξ˙B −H. (B.4)
In this case, ΩAB is a 30× 30 matrix. It is given by
Ω =


µ˙b1,j v˙
b
1,j µ˙
b
2,j v˙
b
2,j φ˙
b λ˙b
µa1,i −εijδab
va1,i εijδ
ab m2Aabi [c1e¯1 + 2c2e¯2]
µa2,i −εijδab −Aabi [e¯2]
va2,i εijδ
ab 2m2c2Aabi [e¯1]
φa −m2Aabj [c1e¯1 + 2c2e¯2] −2m2c2Aabj [e¯1] εijR¯ab2,ij
λa Aabj [e¯2] −εijR¯ab2,ij


where the background-dependent function Aabi [e] is given by
Aabi [e] = εabcεij e¯cj . (B.5)
Computing the eigenvalues of ΩAB explicitly, we find that there are 2 eigenvalues that
vanish identically, independently of the choice of background and of the parameter
choices. This is a proof, in 3 dimensions, that ghost-free bi-gravity (and thus ghost-
free massive gravity) propagates no more than two dofs around any arbitrary off shell
background. This method is very simple.
Of course there are background for which there are more than 2 zero eigenvalues.
This corresponds to the well known backgrounds in the literature where the kinetic term
for one or more of the perturbations vanishes, signaling a strongly coupled background
solution.
In [65], the analysis was done in unitary gauge and it was pointed out that there
is an ambiguity corresponding to the need to impose a secondary constraint. That
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ambiguity corresponds here to the way we introduce the Stu¨ckelberg fields. After
introducing the Lorentz Stu¨ckelberg fields, we may always chose a gauge where the
symmetric vielbein condition ea[µf
a
ν] = 0 is satisfied.
C Alternative approach to Hamiltonian analysis
In this appendix we provide an alternative, perhaps more direct argument that the
new kinetic terms that we were forced to introduce by the U(1) symmetry reintroduce
the Boulware-Deser ghosts. The outline of the argument is
• We will start with the U(1) invariant action suggested by deconstruction. We will
introduce 2 copies of the Lorentz and diff Stu¨ckelberg fields so that we reintroduce
the full undiagonalized gauge symmetries. As a result, all constraints will be first
class.
• By the counting argument of section 4.2.2, we will see that the theory will only
propagate 4 dofs (the correct number for two massive gravitons in 3 dimensions)
if one linear combination of the Stu¨ckelberg fields on each site is non-dynamical.
• By perturbing the action to cubic order about Minkowski space, we will see
that for a generic choice of parameters that all of the Stu¨ckelberg fields will be
dynamical, and so the theory will propagate too many dofs. We may identify
these extra propagating modes as Boulware-Deser ghosts.
A key feature of our analysis is that all of the constraints are first class. As a
result, we will not generate any new secondary constraints.
3.1 Perturbation theory in the Stu¨ckelberg language
Our starting point is the Deconstruction-inspired theory written in site language, given
by Equations (3.34–3.42). We showed that this was equivalent to the non-linear ansatz
in Equation (4.14). We first introduce the Stu¨ckelberg fields for both diff and local
Lorentz symmetries [75]
eaI,µ(x)→ ∂µΦµ
′
I Λ
aa′
I e
a′
µ′(x), I = 2, 3 (C.1)
ωabI,µ → ∂µΦµ
′
I
(
Λaa
′
ωa
′b′
I,µ′Λ
b′b
I − ΛacI ∂µ′ΛcbI
)
, I = 2, 3 (C.2)
Note that we only introduce Stu¨ckelberg fields on sites 2 and 3. In this way we associate
the diagonal copies of the gauge symmetries with the gauge symmetries acting on site
1. The choice of site 1 here is arbitrary but convenient for the analysis.
The ΦµI are maps from site I = 2, 3 to site 1, which has the coordinates x
µ,
Y µI (x
µ
I ) = x
µ. (C.3)
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Thus diff indices are raised and lowered with the metric on site 1. We will now work
perturbatively around flat space
eaI,µ = δ
a
µ + h
a
I,µ
ωabI,µ = θ
ab
I,µ =
1
2
εabcθcI
ΦµI = x
µ + BµI
ΛabI = e
λab = δab + λab + · · · = δab + 1
2
εabcλc. (C.4)
Note that λabI = −λbaI . Also note that we have used the fact that we are in three
dimensions to rewrite antisymmetric tensors with 2 indices as vectors, V a = εabcV bc.
We will now work in units where MPl = 1, and work perturbatively in the variables
above.
3.2 Determining the size of the na¨ıve phase space
To implement the counting of section 4.2.2, it is thus necessary to establish the size of
the na¨ıve phase space. In other words, we must count the number of dynamical vari-
ables before any constraints are imposed. The form structure of the action guarantees
that, to cubic order, the action takes the form
S(2) + S(3) =
∫
d3x
(
ξmΩ[ξ]mnξ˙n −H(ξ)
)
, (C.5)
where the ξm are the dynamical variables. When we introduce our new kinetic terms,
we will find that the phase space measure Ω[ξ] is not written in Darboux form. In
other words, it will not be possible to cleanly separate the fields into coordinates and
conjugate momenta without doing a field redefinition.
To avoid needing to explicitly find the field redefinition to go to Darboux form
(which is always possible locally), we will determine the na¨ıve phase space directly
from the symplectic form Ω. By varying the action with respect to ξm, we obtain the
equations of motion
Ωmnξ˙
n =
∂H
∂ξm
. (C.6)
This is a set of dynamical equations. If Ω is invertible, then all of the ξn have in-
dependent, dynamical equations. If Ω is not invertible, then not all of the equations
are independent. The number of nonzero eigenvalues of Ω[ξ]mn gives the number of
dynamical variables in the na¨ıve phase space. For more details see for example [61].
3.3 Counting degrees of freedom at quadratic order
We now obtain the derivative parts of the action at quadratic order. We find
S(2) = S
(2)
GR + S
(2)
m + S
(2)
γ , (C.7)
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where
S
(2)
GR =
∫
d3x
∑
I
∂µθ
a
I,νh
a
I,ρ + S
(2)
GR,N.D., (C.8)
S(2)m =
∫
d3x
∑
IJK
3!m2βIJK
(
∂aB
a
I [hJ ]−
1
2
εabc∂aBI,bλJ,c − ∂aBI,bhabJ (C.9)
+
1
2
εabc∂aBI,bλI,c + ∂aBI,bh
ab
I
)
+ S
(2)
m,N.D.,
S(2)γ = 2
∫
d3x
∑
IJK
λaI
(
∂aθ
b
J,b − ∂bθbJ,a
)
+ S
(2)
γ,N.D., (C.10)
where the subscript N.D. indicates terms with no derivatives that are irrelevant for
this analysis.
The main thing to do is to count the number of dofs. We note that because of
the form structure, at quadratic order, the action is already in first order form
S(2) =
∫
dt
∑
n
pnq˙n −H, (C.11)
Using the tadpole cancellation condition∑
JK
βIJK = 0. (C.12)
as well as ∑
K
γIJK = 0, (C.13)
this becomes
S(2) =
∫
d3x
∑
I
θ˙0I,i
(
εijh0I,j
)
+ θ˙iI,j
(
εjkhiI,k
)
+B˙0I
(
6m2
∑
JK
βIJK
(
hiJ,i
))
+ B˙iI
(
−6m2
∑
JK
βIJK
(
ηijε
jkλkJ + h
0
J,i
))
−H.
We see that at quadratic order, B0I does not have an independent conjugate momentum.
(πθ)
µ
I,a = ε
0µνhI,aν (C.14)
(πB)
µ
I = 6m
2
∑
JK
βIJK
(
δµ0 [hJ ]−
1
2
ε0µνλJν − h0µJ +
1
2
ε0µνλI,ν
)
. (C.15)
In particular, notice that
(πθ)
0
I,a = 0, (C.16)
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reflecting the fact that θaI,0 is the Lagrange multiplier for a set of first class constraints.
Also notice that
(πB)
0
I = 3!m
2
∑
JK
βIJKh
i
J,i =
3!
2
m2
∑
JK
βIJKǫ
0ai (πθ)ai . (C.17)
This is a crucial step. B0 does not have an independent conjugate momentum. If it
did, B0 and its conjugate momentum would be the dynamical variables representing
the Boulware-Deser ghost.
It is useful to diagonalize the kinetic term to remove the momentum conjugate to
B0I , by definining the diagonalized field χ
χaI,i = θ
a
I,i −
3!
2
m2
∑
JK
βIJKǫ
0aiB0J . (C.18)
The momentum conjugate to χ is just πχ = πθ. Then the action takes the form
S(2) =
∫
d3x χ˙aI,i (πχ)
i
I,a + B˙
i
I (πB)I,i −H. (C.19)
In this form, we see that χaI,0 and h
a
I,0 are Lagrange multipliers for first class constraints.
We also see that B0, I and λ0I are not dynamical, and they do not enter with any
conjugate momentum.
This allows us to recover the tri-gravity result, where we should not have any
Boulware-Deser modes present in the theory. Note that the kinetic term generated by
applying the U(1) projection to the action from deconstruction falls into this category.
That was indeed crucial to reproduce the Federbrush action. This is a reflection of the
fact that the charge violating operators only arise at cubic order.
3.4 Counting degrees of freedom at cubic order
At cubic order the action is
S(3) = S
(3)
GR + S
(3)
m + S
(3)
γ . (C.20)
S
(3)
GR has no time derivatives because of the form structure. Meanwhile,
S(3)m = 3m
2
∫
d3x
∑
IJK
βIJK
(
εabcε
µνρ
[
∂µB
a
I ∂νB
b
J
(
hcK,ρ + λ
c
K,ρ
)]
+ ∂µB
a
I
(
λbJ,ν + h
b
J,ν
) (
λcK,ρ + h
c
K,ρ
)
+2
[
∂aBI,a′∂bB
b
J
(
λaa
′
I + h
aa′
I
)
− ∂aBI,a′∂bBaJ
(
λba
′
I + h
ba′
I
)]
−2∂bBI,a′λaa′I λbaJ + ∂aBaIλbqJ λqJ,b − ∂bBI,aλbqJ λqaJ + 2∂aBI,a′haa
′
I [hJ ]
−2∂bBI,a′haa′I hbaJ − 2∂bBI,a′haa
′
I h
ba
J + 2∂aBI,a′λ
aa′
I [hJ ]− 2∂bBI,a′λaa
′
I h
ba
J
)
∼ m2
∫
d3x (∂B)2 (h+ λ) + ∂B(λ2 + λh+ h2). (C.21)
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Finally, using the condition that
∑
IJK γIJK = 0,
S(3)γ =
∫
d3x
∑
IJK
γIJKεabcε
µνρ
(
∂µλ
ap
I
(
∂νλ
pb
J − 2θpbJ,ν
) (
λcK,ρ + h
c
K,ρ
)
+
(
θapI,µ − 2∂µλapI
)
θpbJ,ν∂ρB
c
K
)
∼
∫
d3xγ
[
(∂λ)2(λ+ h) + ∂λθ(λ + h+ ∂B) + θ2∂B
]
. (C.22)
We see that to this order, the action is still in first order form, with one time derivative
per field. However, B, λ, and ω all appear with time derivatives, and it is not possible
to integrate by parts so that only two of them contain time derivatives. Thus the
introduction of our new kinetic interaction has taken the action out of Darboux form,
and instead the action is written in a more general form. Thus to determine the size
of the na¨ıve phase space, we must determine the number of nonzero eigenvalues of the
phase space measure Ω.
3.4.1 Form of Ω
The crucial question is whether or not Ωmn is invertible. If it is, then the na¨ıve phase
space contains all of the fields as potential dofs. If it is not, then some of the fields
are not dofs. We have seen that we will not propagate the correct number of dofs for
a massive spin-2 field unless some of the freedom is projected out.
As stressed above, the Boulware Deser mode is associated with some of the com-
ponents of the Stu¨ckelberg fields. Thus in order to remove the Boulware-Deser ghost,
it is crucial that det Ω = 0. Since we are working perturbatively, we may write
Ω = Ω0 + εΩ(1) + · · · , (C.23)
where the superscript indicates the order in the field. The constant part Ω(0) is deter-
mined from the quadratic action, the part linear in the fields is determined from the
cubic action.
The form of Ω is
Ω =

 Ω
(0)
ij + εΩ
(1)
ij εΩ
(1)
ai
−εΩ(1)ai εΩ(1)ab

 ,
where i, j run over haI,i, χ
a
I,i, and a, b run over λ
I
0, B
I
0 .
The determinant of this matrix can be computed perturbatively as
det Ω = det
(
Ω
(0)
ij
)
× det
(
Ω
(1)
ab
)
ε4 +O(ε5). (C.24)
It is not necessary to compute det Ω
(0)
ij explicitly, it is enough to know that it is nonzero.
The reason it is nonzero is because at quadratic order, all of the fields that the i, j
indices run over are dynamical.
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Now Ω
(1)
ab in principle will have contributions from the mass and kinetic terms
Ω
(1)
ab = Ω
(1),m
ab + Ω
(1),γ
ab . (C.25)
However an explicit calculation shows that
Ω
(1),m
ab = 0, (C.26)
consistent with the expectation that det Ω = 0 for ghost-free tri–gravity.
3.4.2 Computing det Ω
(1)
ij
Since det Ω = 0, we only need to compute Ω
(1),γ
ab . This is a linear function of all of
fields λ0I , B
0
I , χ
a
I,i
Ω
(1)
ab =
δπa
δξb
=
∑
I
(Aλ,I)ab λ
0
I + (AB,I)abB
0
I + (Aχ,I)
ia
ab χ
a
I,i, (C.27)
where ξa = {λ0I , B0I} and where Aλ, AB, Aχ are 4 × 4 matrices of field independent
coefficients.
Because in a healthy theory the Boulware-Deser ghost must be absent from all
solutions, we need only find one solution for which Ω is invertible. Thus we will consider
the case that B0I = χ
a
I,i = 0. We emphasize that this may only be done after computing
Ω.
Now the schematic forms of the momenta are
πB0 ∼ ∂B(h + λ) + λ2 + λh+ h2
πλ0 ∼ B∂B +Bλ +Bh. (C.28)
Then Aλ takes the form
Aλ ∼
( ∂π
B0
∂B0
− ∂πB0
∂π
B0
∂π
B0
∂λ0
− ∂πλ0
∂π
B0
∂π
λ0
∂π
B0
− ∂πB0
∂λ0
∂π
λ0
∂λ0
− ∂πλ0
∂π
λ0
)∣∣∣∣∣
B0
I
=χa
I,i
=0
. (C.29)
Then we find that, when B0I = χ
a
I,i = 0, the 4× 4 matrix Ω(1)ab can be written in terms
of the simpler 2× 2 matrix µ as
Ω
(1)
ab |B,χ=0 =
(
0 µ
−µ 0
)
,
where
µIJ =
2× 3!
(2c)4
m2
∑
PQR
γIPQβPJRλ
0
Q, I, J = 1, 2 , (C.30)
then
det Ω
(1)
ab = det(µ)
2. (C.31)
Since γIJK and βIJK are fixed, we find
det(µ) = −363
100
(λ0,2 − λ0,3)2 . (C.32)
There are clearly solutions for which this is non-zero, signaling the presence of a
Boulware-Deser mode.
– 43 –
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